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Abstract

Quantum mechanics is a formalism for describing nature at a fundamental level, which
becomes more relevant for particular systems at a very small scale. These can be used as
an architecture for information technology, with unique properties that can be exploited to
perform certain tasks with computational power beyond what was originally conceived to be
mathematically possible. However, practical realisations that demonstrate this benefit have
been difficult to construct. In the long term, it is believed that quantum computers will run
digital quantum algorithms with error correction to solve classically intractable problems.
In the immediate term, there is a search for experiments that show quantum advantage, in
solving specific problems more efficiently than classical supercomputers.

Quantum optics, which encodes information in the states of light, is privileged to have
complexity-theoretic evidence supporting a scheme for quantum advantage that is native
to the platform – boson sampling, and its variant Gaussian boson sampling – providing
a natural choice for early proof-of-concept quantum computing experiments. Hence we
are now in an exciting era, with impressive experimental achievements which continually
surpass new milestones for quantum computing capabilities, but which are countered by
theoretical challenges demonstrating the existing power of classical computers.

Beyond the objective of quantum advantage, the known applications of Gaussian bo-
son sampling are limited. A useful framework for developing and analysing potential uses
arises from its description in the language of graph theory, which is the basis for many well-
known mathematically hard problems, including dense subgraph finding, a problem which
represents difficult tasks in various fields, from finance to drug discovery.

In this thesis, we consider evidence for Gaussian boson sampling showing a performance
or time advantage for certain applications. We use numerical simulations of realistic sources
of error in Gaussian boson sampling, when applied to dense subgraph finding, which dis-
agree with the possibility of quantum advantage for this use case; we show how a similar
performance in sampling high-density subgraphs can be achieved by classical sampling
techniques, and assess the performance of various sampling schemes for graph problems;
we provide evidence that sampling from displaced Gaussian states also cannot be efficiently
classically simulated (that is, in polynomial time) in the case of sufficiently low displace-
ment, and we use the connection between the loop hafnian and the matching polynomial
to identify regimes in which simulating displaced Gaussian boson sampling is classically
efficient. Although these techniques do not show any additional uses of Gaussian boson
sampling, they provide important insights into its value as a computational tool and improve
our understanding of the features expected in further applications.
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Introduction

It makes no damn sense.

Compels me though.

Benoit Blanc, Knives Out

This work is concerned with Gaussian boson sampling (GBS), a simplified, non-universal

framework for linear optical quantum computing. Due to the limitations in available opera-

tions, it cannot realise the algorithms that have generated the considerable recent excitement

in quantum computing. Nonetheless, it exploits the enhanced power of quantum systems

for information processing, and is considerably more accessible to experimental imple-

mentations in the near future, having been the basis of several recent claims of quantum

advantage. Not only does it require the implementation of many components necessary for

full-scale universal quantum computers, making it an excellent experimental testbed, but

it also reveals the computational power native to photonic systems within a more natural

setting, and is thus well deserving of further study.

The paradigm of sampling problems presents unique challenges in determining the

practical value of this scheme – it represents an unusual style of computation quite different

from well-studied problem statements and algorithms, it presents difficulties in verification

and evidence for the complexity of simulation, and it provides new vulnerabilities to being

‘spoofed’ by well-designed classical algorithms.

This thesis is motivated partly by the objective of examining regimes in which the compu-

tational power of GBS may fail to exceed efficient classical algorithms, and the evidence for

this, and partly by the search for practical uses of GBS. There is considerable overlap in these

topics, and in this work, we find that the formalism of graph theory is particularly useful as a

basis of this study.
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CHAPTER 1. INTRODUCTION

The thesis is structured as follows. In Chapter 2, we review the background theory

needed to understand the topic, including computational complexity (Section 2.1.2), a

brief introduction to graph theory (Section 2.5), and continuous variable quantum optics

(Section 2.7). Gaussian boson sampling is introduced in Section 2.8. In Chapter 3, we consider

the application of GBS to the problem of dense subgraph finding, using numerical simulation

results to determine the impact on this application by different sources of error. We find

that this application is very robust to error, even in regimes of error in which we do not

expect quantum advantage to hold, which may imply that the improvement to be gained

from GBS is not due to quantum effects. We extend this study in Chapter 4, by considering

the difficulty of sampling directly from the distribution in which we are interested in this

problem, the densities of subgraphs, and find that this is provably efficient in the case of

unweighted graphs. We also consider other methods of assessing the performance of GBS

for this problem, again finding that simulations with high levels of error still perform well,

and also finding limited quantum advantage (by these metrics) in the case of complex-

weighted graphs. Both chapters support the evidence that the negative terms corresponding

to quantum interference are important signatures to indicate the potential for quantum

advantage. Finally, in Chapter 5, we consider the impact of adding displacement to the

state input to GBS on the computational complexity of the experiment. We do this based

on previous results in graph theory concerning the matching polynomial, closely related

to the loop hafnian, used to calculate the probabilities of different outcomes. We present

an efficient classical algorithm that can be used to simulate GBS with displacements, and

describe the regime in which it is applicable, as well as the possible use of this in simulating

GBS with loss. We also consider the evidence for the hardness of displaced GBS, and why this

does not hold for higher displacements.

Chapter 2 is a review of background information and not original work. Further chapters

giving the results of this work begin with a statement describing the author’s contributions

and the contributions of other collaborators. Thank you to Victor Brena, who wrote the LaTeX

template used for this thesis.

This is an ‘annotated copy’ of this thesis. This is not the formal, finalised thesis copy, but

has further notes and derivations that might be of interest for readers who are less familiar

with the topic. These purple notes are annotations, so if you can read this, you’re reading

the annotated copy! However all of the results of the work and the relevant background is

included in the normal copy.
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2
Background

It’s behind you

and in front of you

at the same time!

Ergo Phizmiz, The Quantum Horse: A Cubist Pantomime

2.1 Computers and quantum physics

In this section, we give some background context to motivate the study of the overlap of

computer science and quantum physics, which may be familiar to most readers. Section 2.1.2

contains a list of computational complexity classes which will be used in this work.

2.1.1 Computers

The first recorded use of the word ‘computer’, in 1613, refers to a human (an ‘arithmetician’)

skilled at doing mathematical calculations by hand [2–4]. This usage continued well into the

20th century, when ‘computer’ was a recognised profession, typically carried out by women,

in fields including aeronautics, wartime data management, and scientific research [5]. Many

of these people became early computer programmers when electronic computers became

available [6].

The history of mechanical devices used for calculations also starts long before what we

now recognise as a ‘computer’. Early examples include the abacus, a frame holding beads that

has been used for millennia [7], or slide rules, which were popular for school students before

the widespread availability of the pocket calculator [8]. The remains of a mechanical orrery
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CHAPTER 2. BACKGROUND

dating back to approximately 100 BCE have been found (the Antikythera mechanism), a

device which is used to model the orbits of celestial bodies with a high degree of accuracy [9].

There is an important distinction between, e.g. an abacus, or even a pocket calculator,

and an orrery. An abacus can carry out a restricted set of calculations, due to a set of rules that

describes how a variable (i.e. the number on beads of the right hand side of a wire) changes

when certain operations are applied. By carrying out the appropriate sequence of operations,

the variable changes in a well understood way, and the result will be an answer to a particular

problem. The orrery also behaves in a well understood way. It can also be ‘programmed’

to begin in a particular input configuration, and there is a variable of interest (the position

of objects representing the planets) which can be read out. This variable changes as the

calculation proceeds, which is done via progressing a mechanism by hand or by clockwork. In

both cases, we want to know the output of a particular function applied to the input. However,

in the first case the machine is programmed to carry out an operation that implements that

function, out of a space of possible functions limited by the architecture of the device. This

is a broad generalisation of a model of computation, which we will formalise soon. On the

other hand, in the latter case, the function is implemented as part of the physical model that

describes the device, which behaves in a similar way as the system we wish to model, and

hence it is realised as part of the intrinsic evolution of the machine’s internal state. This is a

simulation of the system of interest, which is closely related to computation, and can usually

be carried out by computers.

Consider, for example, that you want to know how far an object travelling at velocity v

will travel in time t. You could build a machine capable of doing the computation, v × t,
or you could build a simulation, a robot capable of travelling at velocity v, and measure

how far it travels in time t. Doing the former calculation may seem more simple, but if the

system of interest is very complicated, then programming and evaluating this function may

be prohibitively difficult, in which case the latter experiment may be more useful.

The behaviour of modern computers (from this point on we will use the contemporary

meaning of devices, not people) is based on the rules that govern electrical circuits. In theory,

it is possible to implement any program that can be broken down into the gates that make

up computational logic [10]. In order to be effectively processed, the data handled are stored

as discrete variables. In accordance with the intrinsic architecture of a classical – which we

use to mean non-quantum – computer, information is stored as binary numbers, which are

strings of bits, digits which can take the value 0 or 1.

This is in contrast to analogue computers which store information in continuous physical

quantities, e.g. voltage. Having access to a continuous variable space is very powerful, and if

it were possible to control and measure this with arbitrary precision, analogue computers

could carry out calculations with an efficiency that is considered mathematically infeasible

by digital computers (assuming current beliefs about the complexity of these problems are
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true) [11]. Nonetheless, this is not realistically the case.

Using discrete variables is preferred for several reasons. Increasing the number of bits

allows calculations to be done with arbitrary precision, and the simplicity of this storage

method allows for greater accuracy. Digital information storage and programming is more

versatile and facilitates simpler error correction schemes [12]. Hence, due to their limited

usefulness, analogue computers (of which the orrery is an early example) have not gained

the same relevance in modern technology.

In fact, beyond using discrete variables, for most modern computation, using variables

that can only take two values – Boolean variables – is preferred. These are composed using

logical operators such as and and not. There are many texts to understand how the rules

describing electrical circuits can be composed to create machines operating according to

Boolean logic – I particularly recommend [13].

To better understand the limits of certain sorts of computers, there are many proposed

models of computation, such as the Turing machine (TM) [14]. In brief, this machine is an

automaton, whose internal state is one of a possible set of states, which receives a length

of tape, with each box on the tape containing one of a set of symbols. The combination of

the state and symbol decides the proceeding action of the Turing machine: it prints a new

symbol onto the same box, and then moves to the left or right, or halts the computation. A

full description of these models is omitted here but can be found in, e.g., [15, 16]. Turing’s

description was proposed to probe the question of computability: whether the solution to a

particular problem can be found with finite resources (in terms of time or memory). However,

the problem of the scale or efficiency of a machine to solve a particular problem requires

further consideration.

It may not be immediately clear how this links to computers as we understand them, nor

how this can capture the full range of possible processes. Nonetheless, the Church-Turing

thesis [17] links TMs with the (informally defined) ‘effective procedure’, which is intended

to encompass the mathematical (but not creative) steps a human being can carry out to

solve a task. Essentially, it states that if you are able to propose an informal algorithm to

solve a certain problem, well-described with an appropriate (finite) series of steps, then this

can be programmed into an appropriately defined mathematical model of computation

such as a TM [16]. This cannot be proven due to the lack of a rigorous definition for this

concept, however the Church-Turing thesis is widely accepted as a foundation on which

to base statements about the power of different forms of computation [15]. This also links

together different models of computation, and shows that the set of computable problems is

independent of the model chosen. However, we need more detail to tackle the problem of

efficiency.
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2.1.2 Computational complexity

Unless otherwise indicated, most of the information in this section is from [18]. However,

the Wikipedia entries for most major complexity classes are also very helpful and detailed.

Informally, an algorithm is a set of instructions that can be carried out by a particular

device (or program) to realise a certain computational process. A formal definition using the

TM model of computation is a program that leads a TM from the input data of a problem to

the output data representing the solution [15]. On the other hand, we can also describe a

heuristic, which has some probability of failure, or may give a non-optimal solution. This is

particularly useful in the case that ‘optimal’ is not well-defined.

When considering a particular algorithm, it is useful to describe its computational com-

plexity (or just complexity) – roughly speaking, the amount of resources required to realise it.

In this work, we are particularly interested in the time (or number of steps) required, although

memory (space) is also frequently taken into account when discussing the complexity of

algorithms. Trade-offs in in space and time are possible to identify, although they are not

trivial.

In general, as the size of the input to an algorithm increases, so does its complexity. Hence,

for an input of size n, the complexity will usually be given as a function of n. The complexity

of the algorithm will also depend on the exact details of the input, so it is often useful to

consider both the worst-case complexity (the largest possible amount of time required for

any input of size n) and the average-case complexity (whether the problem can be solved

within a certain amount of time, as a function of n, for some proportion of the inputs).

It is also particularly useful to consider the asymptotic complexity. Realistic details of

the exact implementation of the algorithm and the physical machine will vary, so it is most

interesting to consider the behaviour as n gets very large. This is of particular relevance in

quantum computing where we will be focusing on problems that become unfeasible for

classical computers. This is usually expressed with ‘big O notation’, in which f(n) = O(g(n))

indicates that [19]:

(2.1) ∃M ∈ R+, n0 ∈ R+, s.t. |f(n)|≤Mg(n) ∀ n ≥ n0.

This says: ‘there exists a positive real number, which we call M , and a positive real number

which we call n0, such that when the input n is bigger than n0, the absolute value of f(n) is

upper bounded by Mg(n)’. In general, the complexity of an algorithm will be expressed as a

function f : N→ N, which takes the size (e.g. number of bits required to write it) of the input

and gives the number of steps in the algorithm, so n0 will be inN (the ‘natural numbers’).

That is, it is possible to find a constant multiple of g(n) such that, past a certain value of n, it

is always greater than or equal to f(n). The constant M is introduced to disregard overheads

that may come from details in which we are less interested, e.g. how the information is stored,

which introduce a constant factor to the program. Otherwise, this tells us that g(n) ‘grows
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faster’ than |f(n)|; if we disregard smaller terms that may make a difference when n is small,

then we can consider g(n) to upper bound |f(n)| as long as n is sufficiently large. There are

further variations on big O notation (including lower bounds) that won’t be required in this

thesis. In general, you can just take the part of the equation that grows the fastest (for example,

exponential terms will dominate over polynomial terms, will dominate over linear terms),

and take out any coefficients that don’t depend on n. So if f(n) = 2n231.5n + n10 + 100n+ 5,

then O(f(n)) = n231.5n.

In general, ‘efficient’ is used to describe algorithms which run in polynomial time – that

is, with running time O(nk) for some real, positive k. This may not seem like an intuitive

definition, but at very large n, there is a significant difference between polynomial and

exponential time. Furthermore, this allows us to consider an algorithm efficient if it calls

an efficient subroutine a polynomial number of times (as (nk)l = nkl), which is particularly

useful, compared to e.g. defining efficient to mean linear [18]. This definition becomes more

complicated when introducing error, which we consider later on. Generally, n is taken to

be the size of the representation of the input, e.g. if the input is some number N , then n

increases as log(N) (although this depends on the system, and base, of the representation of

the number).

Thus far, we have not been clear on what ‘number of steps’ means. It seems as though

this is a potential difficulty in defining the complexity of an algorithm, as this may differ

depending on the device or model of computation used. In fact, this is well-defined in the

case of TMs, and it is widely believed that this is the only model that needs to be considered.

This is due to the extended Church-Turing thesis (ECT), which is the (more surprising)

statement that ‘every physically realisable computation model can be simulated by a TM

with polynomial overhead’ (introduced in [20], although here we have used the statement

from [18]).

It isn’t really possible to ‘prove’ either the Church-Turing thesis or the ECT, because of the

necessity of making certain assumptions. Nonetheless, they can be proven if you carefully

define limits on the models of computation you assume. One example is [21], discussed

in [22]. What is important is that there is no need for ingenuity or creativity, and that the

rules can be followed mechanically.

For that reason, if we are interested in the question of whether an algorithm is efficient,

we can rigorously define the complexity classes of interest in terms of its implementation on

a TM. Alternatively, we can describe another programming language, and count the number

of steps in terms of the ‘basic operations’ used by that language (within reason), and we will

not gain any advantage in efficiency.

As we will see, a major possible contradiction to the ECT comes from the development

of quantum computers, which use techniques outside of the scope of what was originally

considered in the theoretical description of computation. There are further possible issues
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with the ECT, described in [18], but they are omitted here. Another particularly interesting

potential challenge to the ECT is the possibility of efficient derandomisation, that is, whether

BPP = P.

As well as the efficiency of algorithms, we will also be interested in the difficulty of

particular mathematical problems. Problems are placed in a complexity class depending on

the type of problem, the computational method of solving it, and the resources required to

solve it. The complexity is defined by the resource requirements of the best algorithm that

can solve it. There are a large number of different complexity classes, which are enumerated

in the ‘complexity zoo’ [23].

For a complexity class C, as well as identifying whether or not a problem is in C, a problem

can be C-hard, if every problem in C can be (polynomial-time)1 reduced to it – that is, given

an algorithm that solves the given problem, any problem in C can be solved efficiently using

this algorithm as a subroutine [15]. A problem is C-complete if it is C-hard and in C.

Another useful piece of notation is CD, the class of problems solvable by an algorithm in

C with access to an oracle in D. An oracle is a machine (a ‘black box’) that can solve a certain

problem (or class of problems) with a single operation.

For example, NP-hard: this problem (H) might not be in NP, but every problem (L) in

NP reduces to it. Equivalently, L can be solved in polynomial time with access to an oracle

for H . NP-complete: this problem is in NP, and every problem in NP reduces to it.

It may be surprising that we can find such a problem. However, to give an example, we

must first introduce some complexity classes. Some important complexity classes are (here

we use n to mean the length of the input bitstring):

• P: this is a class of decision problems, meaning Boolean functions – functions in which

the output is one bit. Specifically, P contains problems that are computable in time

cnk for some c, k ∈ R+. These are the problems that a deterministic TM can solve in

polynomial computation time. That is, the worst case running time for an input of

size n is upper bounded by a polynomial in n, as opposed to exponential like O(2n), or

combinatorial like O(n! ). Decision problems are a common framework for considering

complexity due to their simplicity. Decision problems are often defined as formal

languages. In this framework, the letters are {0,1}, and the words are inputs for which

the solution is 1, or the TM accepts.

Examples of problems in P include the connectivity problem (given two vertices of

a graph, decide whether they are connected by a path of edges in the graph), and

determining whether a number is prime [24]. Remember that the input, the number

which may be prime, is a bitstring of length n, so the method of checking every number

less than that number to see if it is a factor (or even half of that number) would take

1If not otherwise specified, ‘reduction’ in this work will refer to polynomial-time reduction.
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at worst 2n − 1 steps (if we consider ‘check if x is a factor’ to be one step), which is

exponential.

• NP: the class of decision problems for which, if the solution to the problem is ‘yes’ or 1,

it has a proof which is verifiable in polynomial time. coNP is the class of problems with

such verifiers for proofs where the solution is ‘no’. It is clear that NP ⊃ P - as these can

be solved in polynomial time, solutions can be verified by solving the problem. This

is equivalent to the class of problems solvable by a nondeterministic Turing machine

(NTM; hence the name NP). These are equivalent because the NTM could make a

good guess at a proof (e.g. if the question is ‘does there exist an object A that does B’,

the proof would be guessing object A and then spending polynomial time to verify

it does B). This may seem like cheating, because this is a ‘best case’ scenario for the

NTM, whereas complexity arguments tend to consider worst case scenarios - however

the question is whether there exists some NTM that happens to solve the problem in

polynomial time, for any input, which is the ‘luckiest guesser’.

Examples of problems in NP include whether a graph contains a clique (which will

be discussed further later on) and the Boolean satisfiability problem – these are both

NP-complete.

Here we have seen examples of decision problems, the most important structure for

computational problems. Alongside decision problems of a certain complexity, there are also

undecidable problems, for which it is is impossible to construct an algorithm (an effective

method) which gives the correct answer. A classic example proposed by Turing is the halting

problem, although a more practical example is the matrix mortality problem: the 3× 3 case is

undecidable, and the decidability of the 2× 2 case is currently an unanswered question [25].

A particularly interesting set of problems are the NP-complete problems. It is an open

(and very famous) question in computer science whetherP = NP. If any of theNP-complete

problems permit a polynomial-time solution, that will show that P = NP – however, most

computer scientists do not believe this to be true [26, 27].

The theory of NP-completeness was developed independently by Cook and Levin [28, 29],

focusing on the Boolean satisfiability problem. A Boolean formula consists of a statement

made up of single bits {xi}, composed by logical operators (AND, NOT and OR). The satisfia-

bility problem asks whether there exists an assignment of {xi} such that the statement is true

(or equal to 1). The proof that Boolean satisfiability is NP-complete involves transforming

the strings defining TM computations into Boolean formulae. More details are given in [18].

Following this result, there is a well-known list of 21 computational problems which were

shown to be NP-complete by Karp, including several problems in graph theory [30].

We introduce further complexity classes that will be relevant in this thesis:
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• #P (pronounced ‘sharp P’): the class of counting problems associated with NP - that is,

if the NP problem is of the form “are there any..." the #P problem asks “how many...".

This is equivalent to asking how many proofs for the existence of a solution there are,

given that these proofs can be verified in polynomial time. Alternatively, this is how

many paths of a polynomial-time NTM accept. An example is counting the number of

satisfying assignments of a Boolean formula, or calculating the permanent of a binary

matrix (which is #P-complete). #P ⊇ NP (if you know how many satisfying solutions

there are, you know whether one exists).

• Gap−P [31]: this is the closure of #P under subtraction; problems which count the

number of accepting paths minus the number of rejecting paths. This allows us to

consider, e.g. the permanents of matrices with negative values, as we can express this

as the difference between two #P problems. The hardness is therefore similar to #P,

however we now have additional questions such as asking the sign.

• BPP: the class of decision problems solvable in polynomial time, with error≤ 1/3 (or

possibility of failure), by a probabilistic Turing machine2 (more generally, this encom-

passes algorithms that have some element of randomness, for example by making a

random choice between two different actions at a certain stage, with a certain prob-

ability). For example, this could be an algorithm that flips a coin at every stage, and

implements one of two possible actions depending on the outcome. A probabilistic Tur-

ing machine is a type of non-deterministic machine, but without the ‘luckiest guesser’

attribute. It’s also required that the TM runs in polynomial time for every input. BPP

problems are considered much more feasible for realistic computers. This machine

could just have all probabilities set to 1 or 0, which would make it a deterministic Turing

machine - hence we have P ⊆ BPP. However, it is conjectured that P = BPP, which

would suggest there is no extra advantage to be gained from introducing randomness

into a computation, but this is an open question, as there still remain some problems

which are in BPP but are not known to be in P.

• BQP: the class of decision problems solvable by a quantum TM (or quantum computer)

in polynomial time, with error≤ 1/3. This is the quantum analogue to BPP; because

of the inherent randomness involved in quantum computers, this is more appropriate

to use than a quantum analogue to P.

• BPPpath: consider the possible ‘paths’ that a nondeterministic quantum computation

can take. These may have different probabilities. In the complexity class BPP, if the

input has solution 1, it’s required that this is the output ≥ 2/3 of the time (and vice

versa). BPPpath requires that this is the case for≥ 2/3 of paths. This is more powerful
2The choice of value for the allowed error is arbitrary, as long as it is below 1/2; these definitions are equivalent,

as lower error bounds can be achieved by running an algorithm multiple times.
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than BPP, as it includes some problems that may have a high probability branch (in

some frameworks this is one that terminates after fewer steps) which gives the wrong

output.

We can include postselection (defined in the next bullet point, or [32] for classical

computers). We find that BPPpath = PostBPP (by using postselection to average

over random choices of paths). More detail, and a proof that BPPpath = PostBPP is

in Appendix B of [33].

• PostBQP [34]: we now introduce postselection, a process by which we only keep

some subset of the outcomes of a computation (or, e.g. outcomes of an experiment),

conditioned on a certain property. More formally, this can be represented by an ancilla

qubit which marks whether the computation succeeds or fails. Then, as with BQP,

this includes decision problems solvable in polynomial time by a quantum TM, and,

given that the computation succeeds (or ‘postselecting’ only on outcomes with the

ancilla qubit in the state |1⟩), the answer is correct with probability≥ 2/3. This is more

powerful than BQP – for example, the answer only has to have a bounded probability

of error if a certain condition holds (the one we postselect on), not over all cases. Also,

it doesn’t restrict how often the computation succeeds – so for example, it may take an

exponential number of runs until the computation succeeds, but each of these only

takes polynomial time.

Postselection is particularly relevant in the case of boson sampling, in which we can’t

deterministically do two-qubit gates. However, if we can postselect on certain outcomes,

we can implement these gates – meaning that with postselection, boson sampling is a

universal quantum computing model (this will be explained more in Section 2.4).

• FP: the set of problems where the output is more than one bit (i.e. non-Boolean

functions) solvable in polynomial time by a deterministic TM. These problems can still

be efficiently computed by classical computers, but they are not decision problems.

• FBPP: a generalisation of BPP to function problems - that is, the algorithm gives an

output which has more than one bit, with error≤ 1/3.

We note the existence of other quantum complexity classes intended as quantum ana-

logues to classical classes, such as QMA, which are not included in this thesis. Finally, we

introduce the polynomial hierarchy (PH). This is going to be useful when we have yes/no

problems, but where the structure is slightly more complicated.

• ΣP
0 ≡ P.

• ΣP
i+1: the class NPΣP

i , so problems for which the solution can be verified in polynomial

time with access to a ΣP
i oracle. This means ΣP

1 contains NP.
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• ∆P
i+1 = PΣP

i .

• ΠP
i+1 = coNPΣP

i .

• PH: this is the union of all classes in the polynomial hierarchy - that is, the union of all

ΣP
i , as well as all ∆P

i and ΠP
i .

Several methods of understanding the polynomial hierarchy are given in [18]. Informally,

this extends problems of the form “do there exist cases such that...” to "do there exist cases

such that, for every other case..." or even “do there exist solutions such that, for every other

case, there exists...". A more detailed pedagogical introduction is also given in [35]. Proving

that P = NP is one method of showing that the polynomial hierarchy collapses (i.e. that the

levels are not distinct, beyond a certain stage) but, similarly to P =?NP, it is widely thought

that it does not collapse [26].

Let’s give a more detailed explanation (as well as Arora and Barak, I used Eshan Chat-

topadhyay’s 2021 lecture notes, which give more formal detail). Firstly, we’ll express binary

problems as languages, where x is in a language if the answer is yes, as we saw previously.

For example, consider the k-clique decision problem: the words are graphs of n, and they

are in the language if they contain a clique of size k (you can skip ahead to Section 2.5 for a

graph theory introduction). This is a problem which is expressed through the quantifiers ∃:

(2.2) x ∈ L ⇐⇒ ∃ u ∈ {0, 1}q(|x|) : M(x, u) = 1,

where in this case, x is a graph, u is a subgraph (in this case it is the certificate for x), and M is

a (Turing) machine. If q is a polynomial and M runs in polynomial time, then the language is

in NP (it can be verified in polynomial time).

Contrast this with coNP, which is the complement to NP – that is, if the answer is no,

there is a proof which is verifiable in polynomial time. For example, “is it true that there are

no cliques of size k in this graph?”, for which the proof would be a clique. A more natural

example is: given numbers m and k, is there a factor of m which is less than k and greater

than 1? In this case, if the answer is no, a proof would consist of all the prime factors of m:

in polynomial time, you can check that these are all greater than k, and that they do indeed

multiply to m. coNP problems can be written in the following way:

(2.3) x ∈ L ⇐⇒ ∀ u ∈ {0, 1}q(|x|) : M(x, u) = 1.

This structure can be used for a lot of different decision problems (they may be more

complex than NP, depending on the properties of M and q). However, some have a more

complex structure. Let’s introduce the problem of graph colouring. A k-colouring is a way of

assigning each vertex of a graph one of k different colours, so that no neighbouring vertices

have the same colour, and the problem: does this graph admit a k-colouring? is NP-complete

for k ≥ 3 (so we can write this as in Eq. 2.2).
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Now consider a list colouring, which is where every vertex is given a list of allowed colours,

and then a colouring is made where the colour of each vertex comes from the appropriate

list. Again, colourings are acceptable only if neighbouring vertices have different colours. A

graph is k-choosable if a graph colouring is possible given any choice of lists of length k. It

may seem as through a graph being k-colourable means it is k-choosable, but this is not the

case – for a counterexample, see the Wikipedia page for ‘list coloring’.

The problem of list colouring can be expressed as:

(2.4) x ∈ L ⇐⇒ ∀ u ∈ {0, 1}q(|x|) ∃ v ∈ {0, 1}q′(|x|) : M(x, u, v) = 1.

That is, a graph is in L if it is k-colourable; for any assignment of lists of length k, u (q is

polynomial in |x|), there exists a colouring v (ditto for q′) such that M(x, u, v) = 1 if the

colouring is valid (satisfies the list constraints and has no neighbours the same colour). Note

the alternation of the qualifiers ∀ and ∃ – repeating qualifiers doesn’t give us any extra power.

This problem is in the complexity class coNPNP. The graph colouring problem is in NP,

and if the answer is no you can efficiently verify a proof (a list assignment) that produces the

answer ‘no’ when calling this oracle. Nonetheless, just being able to solve the graph colouring

problem is not itself sufficient to solve the problem. Using the rules introduced above, this is

in the second level of the polynomial hierarchy: ΠP
2 .

For a level i of the polynomial hierarchy, a problem can be expressed as a set of i terms

quantified alternately by ∀ and ∃, where problems in Πi start with ∃, and Σi start with ∀.

There’s much more to say about the polynomial hierarchy. There’s a chance it will collapse

down to some finite level like a telescope, and if it collapses all the way to the bottom, this is

P = PH ⇐⇒ P = NP.

Proving the complexity of a particular problem is difficult, and many results rely on

unproven (but widely accepted) conjectures, such as P ̸= NP. If you can find an algorithm

that runs in polynomial time that solves the problem, that means that the problem is in

P; on the other hand, to show that the problem is not in P is more complicated (which is

not to suggest that finding polynomial-time algorithms for tricky problems isn’t hard!). One

standard procedure is to show that, if a polynomial-time solution to the problem existed, this

would allow a reduction to another known problem, and the fact of that problem being in e.g.

P would lead to a contradiction (see, for example, [36]).

One theorem that is important to later proofs described in this thesis is:

Theorem 2.1 (Toda, [37]). PH ⊆ P#P.

The proof is described in [18]. This means that a decision problem that can be solved

in polynomial time with access to a #P oracle must be at least as hard as any level of the

polynomial hierarchy.
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2.1.3 Quantum physics

Unless otherwise indicated, most of the information in this section is from [38].

Now we must introduce quantum physics, which describes the mechanics of the physical

systems that we will be interested in. Quantum physics is a vast subject that cannot be

covered in its entirety in the introduction to this thesis (nor is it necessary to), but we will

give some context to better understand the field that gave rise to quantum computing.

Quantum mechanics is mostly relevant at very small scales (on the atomic or subatomic

scale), and hence what we tend to observe in the macroscopic universe obeys the rules of

classical (non-quantum) mechanics, which includes the laws of Newton and Maxwell, as

well as relativity, introduced by Einstein. These laws become increasingly relevant at larger

scales due to the process of decoherence – more specifically, this refers the loss of quantum

coherence. Coherence corresponds to the capability of wavefunctions to interfere with each

other, and can be understood as the ability of a quantum system to maintain a superposition.

It has been shown to be operationally equivalent to entanglement [39]. Environmental

interactions cause decoherence, which can be considered to be caused by entanglement

with the environment. The study of decoherence, as well as the closely related study of open

quantum systems, are active areas of research, but outside of the scope of this thesis.

The term quantum is related to quantisation, the realisation that physical quantities

which were previously thought to be continuous must instead take discrete values. This

originates in the early 20th century with Planck’s studies of black body radiation.

Planck’s original area of expertise was in thermodynamics. His work led him to consider

black body radiation, which is the study of the radiation emitted by an object that perfectly

absorbs radiation, at thermal equilibrium. The power of this radiation (per unit area) depends

on both the temperature of the body and the wavelength at which it is emitted. At a particular

temperature, there is a wavelength at which this power peaks, and then it decays as the

wavelength approaches zero/infinity. For very small wavelengths, the theoretical predictions

for the amount of energy radiated by a black body (at a certain temperature) did not match

experimental results, and grew to infinity at wavelengths approaching zero, in a problem

known as the ‘ultraviolet catastrophe’.

These predictions were based on considering the behaviour of the individual atoms in

the black body (typically considered to be a cavity), which act as electric dipoles and can be

treated as (classical) linear harmonic oscillators. That is, the separate positive and negative

charges vibrate (the distance between them oscillates) with a frequency ν = c/λ, where c

is the speed of light and λ corresponds to the frequency of the electromagnetic radiation

being absorbed/emitted [40]. The energy of these oscillators can then take any value, which

means that the average energy (using classical thermodynamics) of the oscillators is kT ,

where T is the temperature and k is Boltzmann’s constant. As a result the spectral distribu-

tion function (the distribution of emission power in terms of wavelength and temperature)
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becomes ρ(λ, T ) = 8πkT/λ4 (see [38] for further details). Planck’s theory solves the ultraviolet

catastrophe by only allowing the energy of an oscillator to take discrete values, which are

integer multiples of some energy ε. ε is a finite quantum of energy, possibly dependent on the

frequency of the oscillator. At long wavelengths, the differences between these energy levels

are so small that the quantum behaviour is essentially indistinguishable from the classical

theory.

Then, instead of an integral over the possible energies, it becomes a discrete sum (see [38]

for details). This means that the average energy of the assemblage of oscillators then becomes

ε/(exp(ε/kT )− 1), and the spectral distribution function becomes

ρ(λ, T ) = 8πε/λ4(exp(ε/kT )− 1).

Using the previously known thermodynamic properties of the system, we find that

ε = hc/λ, for some constant h, where c = 2.998 × 108ms−1 is the speed of light. Using

experimental data, it has been found that h = 6.626× 10−34 J s, now known as Planck’s con-

stant. Note how small this is – this is in agreement with our observation that quantum effects

are too small (in scale) to have a major impact on the macroscopic world that we inhabit.

The concept of quantisation was later extended to the electromagnetic field itself, leading

to Einstein’s work on the photoelectric effect, and further developing the understanding of

black-body radiation. We will continue the quantisation of the electromagnetic field further

in Section 2.3. Further experiments confirmed the quantisation of other quantities, such as

spin, although this will be less relevant in this work.

Throughout the history of the study of light, different theories seemed to point towards

light exhibiting properties of either a wave or a particle. Planck’s theory of quantisation, and

further experimental evidence, seems to definitively describe electromagnetic radiation as

particles. De Broglie proposed that other subatomic particles, including the constituents of

matter, can concurrently display properties of both waves and particles, a principle known

as wave-particle duality.

The canonical experiment displaying this phenomenon is the double slit experiment,

first performed as a demonstration of classical optics but later used to show principles

associated with quantum mechanics. A single particle is produced(e.g. with an electron

gun), which travels through a screen with two slits in it, and then its position is measured

when it is incident on a second screen. If this is repeated many times and the positions of

these particles are recorded, the cumulative results show a distinctive interference pattern,

similarly to a water wave travelling through the two slits.

Two important conclusions can be drawn from this experiment. The first conclusion of

this is that the wave-like nature of the particles plays a role in their dynamics. To describe

particles using this formalism, we introduce the wavefunction, ψ(x, t), which is a function

of position and time. The wavefunction is complex-valued(which is required in order to get
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the correct interference outcomes), but can be interpreted as a probability amplitude that

governs a real observable probability density P (x, t) ∝ |ψ(x, t)|2 – a relationship known as

the Born rule. The Born rule arises from the statistics associated with quantum behaviour,

and is analogous to similar results in the interference of classical waves.

Quantum behaviour can be derived from a set of ‘postulates’ (see, e.g. [41]), in which

Born’s rule is generally included, i.e. it is an axiom of the theory and not derived from first

principles. However, the choice of postulates is not unique, and by beginning with a different

set of axioms it is possible to derive the Born rule [42]. It can also be derived from other

assumptions, or even interpretations [43]. Alongside these postulates, some ongoing research

aims to determine what other features of quantum mechanics are strictly necessary [44].

The second conclusion is the principle of superposition. We can consider the experi-

mental results for if one slit at a time were closed, while the other remained open. If we

then combine these, we would get a different outcome to what happens when both are open

simultaneously. Hence, the trajectory of the particle depends on the wavefunction having

some amplitude in each slit, and therefore they cannot be considered independently, nor

can the outcome be seen as a statistical artefact from a single slit being chosen at each run of

the experiment.

Mathematically, superposition arises from allowing any linear combination (suitable

normalised, as we will see) of two possible states as a description of another possible state.

This is generally included in the postulates of quantum mechanics, which is particularly clear

when considering the (equivalent) matrix formalism.

This may not be particularly surprising when we consider the wave-like nature of photons

or electrons. However, the consequences are more clear when we consider properties that

are described by the wavefunction which, in a classical view of the universe, should be fixed

for the object of interest, such as the energy/number of photons, or path taken. Further

examples will be considered in Section 2.3.

Wavefunctions that allow properties of interest (e.g. photon number) to take a superpo-

sition over different values may lead to the correct outcomes for statistical averages, but it

does not match our perception of reality. Notably, as much as the wavefunction may contain

some amplitude of an electron being present in multiple locations, it is only measured in

exactly one of them (assuming no experimental errors).

When a measurement occurs, the wavefunction collapses. This is a spontaneous and

probabilistic process by which a property of a quantum system becomes well-defined as an

eigenstate of the measurement operator, as we will formalise in the following section. The

wavefunction of the system is deformed in a non-continuous, random way to reflect the

particular value given to that property.

An interesting feature of quantum theory is that the collapse of the wavefunction shows

objective randomness – that is, the wavefunction is taken to be a complete description of
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the system, but the result of a measurement cannot be predicted deterministically, but only

the statistics of different outcomes. This is one of the most surprising features of the theory,

and the counter-intuitive nature of phenomena such as wavefunction collapse are a major

contributor to the reputation of quantum physics as being difficult to understand3.

This has lead to a considerable history of discussion on how to interpret quantum me-

chanics. Popular interpretations include:

• the Copenhagen interpretation: this accepts the indeterminism of quantum mechanics,

and generally understands that the only meaningful information that can be known

about an object are from the result of measurements. Certain variations align with the

positivist philosophy which was particularly popular at the time, although now less

so [45].

• the many-worlds (Everettian) interpretation: this states that the wavefunction is ob-

jectively real and deterministic, and that wavefunction collapse does not occur, but

that different measurement outcomes correspond to the different worlds in which an

observer can exist, all present within the universe [46].

• the pilot wave (de Broglie-Bohm/Bohmian mechanics) interpretation: this is a deter-

ministic, non-local theory that states that all particles have well-defined positions, but

that their motion is determined by an underlying guiding equation with the same form

as the associated wavefunction [47].

The Copenhagen interpretation aligns with the view that is mostly commonly taught

in undergraduate lecture courses, but there is no general scientific consensus on what is

‘correct’.

The wavefunction of a quantum particle, as well as describing its state, is the basis of

an equation of motion which we can use to describe its time evolution. In particular, we

will introduce a partial differential equation, known as Schrödinger’s equation, the solutions

of which describe the wavefunction of the quantum state: in order to understand where

this comes from, it is useful to compare to wave mechanics (although we note this is not a

derivation). We follow the argument in [38].

The equation of motion of a plane wave is given by:

(2.5) ψ(x, t) = Aei(k·x−ωt),
3Certain aspects of quantum physics – such as quantum field theory – do have particularly challenging maths,

but this is certainly not unique to quantum physics, and the linear algebra techniques required in quantum
information theory are comparatively straightforward. Furthermore, many fields of science contain philosophical
or cognitive difficulties, or even paradoxes; consider the simplicity of the human brain/genome, the vast time and
distance scales involved in evolutionary biology or astrophysics, or any field that attempts to understand human
behaviour. My personal belief is that a characterisation of quantum physics as being ‘impossible to understand’
not only dissuades too many people, from the mildly interested to the potential physicist, in engaging with
a fascinating and potentially useful subject, but does a disservice to the many scientists, philosophers, and
educators who have devoted so much of their time to helping us understand it.

17



CHAPTER 2. BACKGROUND

where A is a constant, ω is the angular frequency ω = 2πf , and E = hf following the

Planck relation. We introduce ℏ = h/2π, so that E = ℏω. k = p/ℏ is the wavevector, where p

is the momentum of the particle associated with the wavefunction. |p|= h/λ, from the de

Broglie relation confirming the wavelike nature of matter. This relation allows us to introduce

an equation that encompasses both the wavelike and particle-like properties of the object.

In analogy to the classical equation E = p2/2m, where m is the mass of the particle, we

have:

(2.6) ω =
ℏk2

2m
.

We note that the wavefunction satisfies the relations:

−iℏ∇ψ = pψ(2.7)

iℏ
∂

∂t
ψ = Eψ,(2.8)

which are the quantum mechanical operators for momentum and energy respectively.

We now introduce a potential V (x, t) to represent a field of some force in which the

particle is located, which means the total energy of the particle is:

(2.9) E =
p2

2m
+ V (x, t),

where the first term represents the kinetic energy. Hence, we find that the wave satisfies the

equation:

(2.10) iℏ
∂

∂t
ψ(x, t) =

[
− ℏ2

2m
∇2 + V (x, t)

]
ψ(x, t).

In the time-independent case, this leads to the eigenvalue equation:

(2.11) Eψ = Ĥψ,

where ℏ = h/2π, x and t are the position and time at which ψ is evaluated, which may be

omitted if they are not required to be specified in the context, m is the mass of the particle, V

is the potential of a field that the particle is in, and E is the total energy. In accordance with

the superposition principle, any linear combination of solutions to Eq. 2.10 is also a solution.

This introduces the Hamiltonian operator, Ĥ , which gives the energy of the state. In clas-

sical mechanics, the Hamiltonian formalism is a useful method of describing the evolution

of a physical system. The total energy of the system is given by the Hamiltonian, H , which

is a function of the position and momentum of all of the constituent bodies. This is useful

in describing the system, as by solving iℏ∂tψ = Ĥψ, we can describe the time evolution of

the system, ψ(t1) = e−iĤ(t1−t0)/ℏψ(t0). We note that this is a non-relativistic equation, which
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will be fine for our purposes – a description of relativistic wave equations, such as the Dirac

equation, is ommitted in this work. We will return to this in the following section.

Another property of quantum systems that is particularly relevant to quantum infor-

mation theory becomes apparent when considering many-body systems. It was identified

as a feature of quantum theory by Einstein, Podolsky and Rosen, but proposed as a likely

contradiction with reality [48]. We can consider a system in which two particles are emitted,

with a particular total energy, in a superposition of different frequencies. By conservation of

energy, measuring the frequency of one particle will cause the wavefunction of the other to

collapse instantaneously. This apparent action at a distance is caused by entanglement, the

superposition of a many-body system into non-separable terms, which we will illustrate in

more detail in the following section. Bell’s theorem showed that the correlations of entangled

quantum systems cannot be produced by any local hidden variable model, that is, any model

where the properties of objects are well-defined before measurement [49], and where the

only influences on an object come from causes with its light-cone (‘locality’). The existence

of entanglement was confirmed experimentally by Bell tests [50].

When considering the quantum nature of atoms and molecules, it is particularly useful

to study the angular momentum of particles. This is also quantised, with the different

possible values being indicated by the orbital angular momentum quantum number. It is

also useful to separately consider the angular momentum in the z-direction, which is defined

by the magnetic quantum number (due to its interaction with magnetic fields). However,

experimental results showed that this was not sufficient to describe atomic spectra, and

other results including the Stern-Gerlach experiment. A more detailed introduction to these

concepts is given in [38].

Particles also have a property known as spin, corresponding to an intrinsic magnetic

moment, or intrinsic angular momentum, with possible values represented by the spin

quantum number, s. Particles with integer spin are known as bosons, whereas particles

with spin 1/2, 3/2, 5/2... are known as fermions. The wavefunction ψ is dependent on this

value, as well as position and time. Further differences between bosons and fermions will be

given in the following section, once we have introduced more of the tools that we require for

describing quantum systems.

2.1.4 Quantum information

Now we have seen the concepts underlying quantum theory, we can detail the formalism

that underpins information processing tasks that use quantum states. Unless indicated

otherwise, information in this chapter can be found in [38, 51, 52]. We will not introduce the

mathematical apparatus of linear algebra that is necessary from this point onwards, but this

is also described in [52].
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The previous section briefly introduced the wave formalism of quantum mechanics, but

this work will generally represent quantum systems using the matrix formalism. Although

equivalent, these do not obviously appear the same, and Dirac notation is particularly

successful in uniting them.

We denote a quantum state by a ‘ket’, |ψ⟩. It will also be useful to introduce its dual, a ‘bra’,

⟨ψ|. In the wave formalism, we can describe a quantum state in a particular basis e.g. using

the position representation (where ψ(x) = ⟨x|ψ⟩) and then the dual is the complex conjugate

of ψ(x), and we have the inner product (‘braket’):

(2.12) ⟨ψ1(x)|ψ2(x)⟩ =
∫
ψ∗
1(x)ψ2(x)dx.

We generally require quantum states to be normalised, so ⟨ψ|ψ⟩ = 1 (so that the prob-

ability of finding the particle somewhere is one). Two quantum states are orthogonal if

⟨ψ1|ψ2⟩ = 0.

A superposition of quantum states corresponds to a linear sum, |ψ⟩ = c1 |ψ1⟩ + c2 |ψ2⟩,
c1, c2 ∈ C. Consider a complete (possibly infinite) set of orthonormal (⟨ψi|ψj⟩ = δij) wave-

functions {ψi} – that is, the wavefunction of any dynamical state can represented as a linear

combination of these basis functions:

(2.13) ψ =
∑
i

ciψi, ci ∈ C.

Generally, these are the eigenfunctions of a linear, Hermitian operator. For a finite, discrete

set of {ψi}, these can be used as a basis by which any wavefunction can be fully defined

by the column vector of c = {ci}. Basis choices can be infinite, continuous, and even non-

orthogonal – for example, the coherent states (that we will see later) form an overcomplete

basis for continuous variable quantum states. In the matrix formalism, ⟨ψ| is the Hermitian

conjugate (conjugate transpose) of |ψ⟩, and ⟨ψ1|ψ2⟩ = c†1c2 (where ψ1 [ψ2] is represented by

the column vector c1 [c2]).

Mathematically, a vector space equipped with an inner product, as we have just described,

defines a Hilbert space. A larger Hilbert space is formed when considering multiparticle

systems, constructed using the tensor product: |Ψ⟩ = |ψ1⟩ ⊗ |ψ2⟩. An entangled state is one

that cannot be represented by a tensor product of single particle states: |ψ⟩ ≠ |ψ1⟩ ⊗ |ψ2⟩.
It will also be useful for us to consider mixed states, where we introduce classical uncer-

tainty (that is, lack of information about the system). A mixed state that is some classical

mixture of states |ψi⟩, each with probability pi, can be expressed using the density operator:

(2.14) ρ =
∑
i

pi |ψi⟩⟨ψi| .

Sometimes it is not immediately clear why we consider classical uncertainty, as this is not

an ontological artefact (as we consider quantum uncertainty to be) but an epistemological
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one. However, this is necessary to further understand important qualities of how we interact

with quantum information, including no-signalling constraints, and how much information

we can extract from a system. Being able to trace over other systems is vital for considering

locality, and this is a valuable use of mixed states. It also helps us understand how an

entangled system evolves after measurement, and it is vital in considering error.

As with classical computers, as described in Section 2.1.1, it will be more convenient if

we digitise the system and use an orthonormal basis, in particular using two basis states,

which are usually denoted |0⟩ and |1⟩. These states can be represented by vectors ∈ C2, and

are called qubits (short for ‘quantum bits’).

We then transform states using operators, such as the time evolution operator introduced

in the previous section, generally denoted by a circumflex accent, i.e. Â. We typically use

linear operators, which, in the case of a finite-dimensional Hilbert space, can be described

by matrices, in some basis {ψi}: Aij = ⟨ψi| Â |ψj⟩. Typically we will use M̂ to denote an

operator in Hilbert space and M to denote its associated matrix, although these are generally

interchangeable.

Recall the Hamiltonian operator, Ĥ . Probability conservation implies that Ĥ should be

Hermitian (further details are given in [38]; we find this by demanding that the integral of

the total probability of finding the particle anywhere is constant with time), meaning that

Ĥ = Ĥ†, although this is not always the case – see, e.g., [53]. This implies that Û = e−iĤt/ℏ

is unitary [51], that is, Û Û † = 1̂, and therefore we find that the evolution of quantum states

is described by unitary operators (generated by the system Hamiltonian). This implies the

reversibility of quantum transformations, and importantly, of quantum computation. It

also preserves the orthonormality of the basis. A universal quantum computer is able to

approximate an arbitrary unitary (in the appropriate Hilbert space) with arbitrary precision

(albeit at a possible exponential cost in the number of gates).

Describing time evolution by considering the action of fixed operators, that evolve the

state through time, is known as the Schrödinger picture. It can be shown that this is equivalent

to the Heisenberg picture, with time dependent operators acting on time-independent states.

Thus, instead of applying the operator Â to the state |ψ(t)⟩ = Û(t, t0) |ψ(t0)⟩, we apply the

operator Â(t, t0) = Û †(t, t0)ÂÛ(t, t0) to the fixed state |ψ(t0)⟩.
We now consider the measurement process in this formalism. A more complete descrip-

tion is given in [52], but for the following work it is sufficient to use the following principles:

• Measurements correspond to linear operators which can be represented by matrices,

M , which must be Hermitian in order to have real eigenvalues (i.e. to correspond to

real observables).

• We write M in its spectral decomposition:

(2.15) M =
∑
i

λiPi,
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where {λi} are the eigenvalues of M , associated with eigenvector vi defining eigenstate

|vi⟩, and Pi are the matrices associated with the projection operators P̂i = |vi⟩⟨vi|.

• The possible measurement outcomes on state |ψ⟩ are then λi, which occur with proba-

bility ⟨ψ| P̂i |ψ⟩.

• After measurement, the remaining quantum state is the normalised state:

(2.16)
P̂i |ψ⟩√
⟨ψ| P̂i |ψ⟩

.

This process is generally described as collapse of the wavefunction, although the exact

mechanism (and the appropriate ontological description) vary according to interpreta-

tions of quantum mechanics.

This behaviour is a postulate of quantum mechanics, although it can be generalised further

than we have described here. In particular, we can notice the Born rule: P (λi) = ⟨vi|ψ⟩2,

which is the square of the coefficient multiplying the component of |ψ⟩ along that eigen-

state. As the eigenvalues are real, these correspond to observables, or measurable quantities

which take real values. We may also find it useful to use the closely related formalism of

POVMs (positive-operator valued measurements). In this case, the measurement operators

corresponding to outcome m are given by M̂m, and the probability of outcome m is given by

⟨ψ| M̂ †
mM̂m |ψ⟩. We therefore require

∑
m M̂

†
mM̂m = 1, however, M̂m may not necessarily be a

projector – that is, tr
(
M̂ †
mM̂m

)
≤ 1.

When measuring a classical system, the precision with which you are able to describe

the system depends on your measurement apparatus and method, and in theory can be

arbitrarily high. However, the possible precision of measurement is more complicated in our

description of particles in quantum theory.

We introduce the commutator of two matrices, or operators,

(2.17) [A,B] = AB −BA,

and, in classical mechanics, the Poisson bracket,

(2.18) {A(x,p), B(x,p)} =
∑
i

(
∂A

∂xi

∂B

∂pi
− ∂A

∂xi

∂B

∂pi

)
,

where xi and pi are the position and momentum co-ordinates of the bodies present in the

system, respectively4. Dirac proposed the canonical commutation relations, meaning that

the Poisson bracket in classical mechanics can be replaced in quantum mechanics:

(2.19) {A,B} → [A,B]

iℏ
.

4Note that this notation is also sometimes used for the anticommutator in quantum mechanics, {A,B} =
AB +BA.
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This relationship cannot necessarily be derived, as it is again a postulate of quantum me-

chanics, however we can justify it by considering the Schrödinger equation, and in particular

this arises from comparing time evolution in the Heisenberg picture to what we expect to see

in the classical limit.

In particular, we consider canonically conjugate pairs of observables, which satisfy

[Â, B̂] = iℏ, generally linked by the Fourier transform, such as position and momentum.

These satisfy the Heisenberg uncertainty theorem:

(2.20) ∆Â∆B̂ ≥ ℏ/2,

where ∆Â represents the uncertainty (or standard deviation) in the measurement ofA. Given

that the expected value of Â (when measuring on state |ψ⟩ is ⟨Â⟩ = ⟨ψ| Â |ψ⟩), this is defined

as:

(2.21) ∆Â =

√
⟨Â2⟩ − ⟨Â⟩2.

Therefore, there is an upper limit to the precision with which it is possible to know about the

position and momentum (or other conjugate observables) of a particle simultaneously. In

the case of commutating observables, they can be simultaneously diagonalised, so there is

an eigenbasis in which you can measure both concurrently.

This can be derived from the commutation relations, in fact we find that ∆Â∆B̂ ≥
1
2 |⟨[Â, B̂]⟩| (see [38] for further details).

It can also be justified by considering Gaussian wave packets. Briefly: consider a wave

propagating in free space, described by ψ(x, t) = A exp(i(k · x− ω(k)t)). We find the energy

and momentum using E = iℏ∂t and p = −iℏ∇. In order to allow for normalisation, we must

modulate the wavepacket by a Gaussian envelope. By considering the Fourier transform,

we see that the product of widths is ∆x∆p = ℏ/2. Thus, the limit on how well-defined these

physical quantities can be is linked to its complementary variable. Full details of this are

given in [38].

We are frequently interested in multi-particle systems5. In a system of identical particles,

whose wavefunctions overlap, the individual particles cannot be distinguished and we de-

scribe the behaviour of the ensemble with a single state vector. If we exchange two identical

particles (say with an operator P̂ ), this does not change the physical state of the system, and

so the multi-particle state vector must be an eigenstate, and the only action of P̂ is to impart

a global phase. Given that P̂ 2 returns the system to its initial state, we expect the eigenvalues

to be ±1, that is the wavefunctions are either unchanged (symmetric under interchange)

or multiplied by -1 (antisymmetric under interchange). Thus far, these classes have been

sufficient to describe all observed systems of (three-dimensional) identical particles, and
5Here, we present a brief overview of an argument for the spin-statistics theorem, although we note this does

not have the required level of rigour for a proof of the theorem, nor does it include important details such as spin,
or relativistic descriptions of particles.
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this in fact depends on spin; particles are either bosons, which have completely symmetric

wavefunctions, or fermions, which have completely antisymmetric wavefunctions. More

exotic quantum statistics, such as anyons (which have properties different from bosons

and fermions – for example, exchanging two particles twice changes their wavefunction)

have been considered, but not yet observed in three dimensions [54]. This thesis focuses on

the behaviour of photons, which are bosons. The relationship between spin and exchange

statistics arises as a result of relativistic quantum mechanics, which we have not described

here.

The ability to store and process information with quantum states is useful in many areas,

including secure communications [55, 56] and metrology (the science of measurement) [57],

as well as being interesting in its own right. In this thesis we will focus on quantum computing,

using the formalism we have just described, with a brief introduction given in the following

section.

2.2 Quantum computing

Quantum computers are computers built from systems that behave according to quantum

mechanics. Therefore, the mathematics used to describe and program them is fundamentally

different to any classical computer. Quantum computers allow us to access a greater variety

of operations, and the ability to design new algorithms utilising these. Quantum states, in

general, are not necessarily able to store or send more information than classical states;

due to the collapse mechanism, they are only able to output classical information. Despite

this, we expect quantum algorithms to be more powerful than classical algorithms. We

access an exponentially larger Hilbert space, and can use the interference of complex-valued

amplitudes to introduce new algorithms, composed of a different set of elementary gates.

However, the interference effect is an important aspect of quantum algorithms - we cannot

just think of a quantum computer as ‘trying all of the solutions at once’. In this way we can

compare it to an NTM, which only requires that one of the paths succeed, whereas, although

a quantum computer may not be deterministic, we require a certain probability of success.

Much like classical computation can be decomposed into electrical circuits, the circuit

model of quantum computation decomposes unitary transformations into one- or two-qubit

gates (which are themselves smaller unitary matrices). In fact, constructing an arbitrary

unitary, to an arbitrary level of precision, can be done efficiently using gates from a finite

set [58], such as the Clifford group + the T gate6 [59] – this is known as a universal gate

set. An interesting result is that we find that any circuit consisting of only Clifford gates

can be efficiently simulated by a classical computer, a result known as the Gottesman-

Knill theorem [60]. Therefore, the number of T gates required by a circuit is of particular

6The definitions of quantum gates are omitted here, as they are not used in the rest of the thesis, but can be
found in [52].
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importance, especially when we note that these are typically more difficult to implement in

error correction.

The logical operators that make up a circuit in classical computing aren’t necessarily

unitary e.g. the ADD operation, as they are not reversible. However, these can be made to

be unitary by adding an ancilla qubit, which stores the output of the gate. It can be shown

that quantum computers are at least as powerful as classical computers (in computational

complexity terms), that is, BPP ⊆ BQP.

Recall the ECT thesis: that any reasonable, physically realisable model of computation

(including quantum computing) can be efficiently simulated by a probabilistic Turing ma-

chine. In the case that BQP is not contained in P or BPP, then this is violated. There

is an extension to Turing machines proposed, including a ‘quantum Turing machine’ [61],

but this is outside of the intended meaning of the ECT thesis. The complexity of quantum

computation can be evaluated using circuit complexity (by counting the gates or otherwise

determining the size of the circuit required), by counting the number of qubits required (e.g.

when considering communication complexity), or by using query complexity, the amount

of calls required to an oracle/black-box function. The latter is particularly useful as it is

generally easier to calculate, but can be an oversimplification when considering how to real-

istically solve a problem. Early evidence for this came from the Deutsch-Josza algorithm [62],

which solves a problem with a single oracle call, whereas 2n−1 + 1 are required for a clas-

sical solution. Nonetheless, this is for a very esoteric problem and is not expected to have

useful applications, and a probabilistic classical algorithm is almost as effective. Simon’s

algorithm [63], however, shows that BQP ̸⊆ BPP with access to an oracle.

A significantly more exciting, well-known quantum algorithm – based on a similar princi-

ple to Simon’s algorithm, period-finding – is Shor’s algorithm for factorisation, which also

provides an exponential speedup [64]. This gives a polynomial-time quantum algorithm for

a problem which is not thought to be in BPP, and has real-world relevance, particularly in

cryptography. This provided more definitive evidence against the ECT thesis, and further

developments in quantum algorithms have followed.

Another flagship quantum algorithm is Grover’s search algorithm. This provides a

quadratic speedup against the best possible classical algorithms, however it is particularly

useful as a subroutine for many other algorithms. There is also the HHL algorithm, for

inverting matrices (although recent work on ‘dequantisation’ has called into question the

advantage of this [65]) and many others which will not be covered here.

Simulation of real-world quantum phenomena, such as the behaviour of molecules or in

materials science, is generally beyond the scope of classical computers, due to the complexity

of the systems, but it is a particularly relevant use-case for quantum computers, and it was

the basis of their original proposal [66]. Much like early classical computers (as described in

Section 2.1.1) this can be analogue simulation, where the Hamiltonian of a physical system is
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engineered to approximate the system of interest [67], or implemented on universal quantum

computers using digital simulation algorithms [68].

Nonetheless, this can still cause some issues, as implementing the time evolution of a

particular Hamiltonian in a digital system requires Trotterisation, which can be inefficient to

realise [69].

Despite this progress, a few skeptics contend that a convincing experimental demonstra-

tion is needed to definitively refute the ECT thesis, which is still lacking.

Another important aspect of quantum computing is quantum error correction. Redun-

dancy is needed in the encoding in order to preserve the delicate coherence of quantum

systems against errors. However, the no-cloning theorem of quantum information states that

it is impossible to create a copy of an arbitrary quantum state. Therefore clever encoding

schemes must be used that allow computations to be carried out without the error growing to

catastrophic levels. This makes use of the threshold theorem, which asserts that as long as the

initial qubit error is sufficiently low, the error in the calculation can be suppressed arbitrarily,

for arbitrarily long computations, so the computation is still scalable [70]. This introduces

significant overheads, which is a major hurdle in implementing quantum algorithms at a

meaningful scale: the need for many qubits, with low error rates.

Current state-of-the-art devices, which cannot run error-corrected algorithms beyond

what is capable for classical computers, are generally seen as belonging to the NISQ (noisy

intermediate-scale quantum) era [71]. These frequently make use of different algorithms,

which combine classical and quantum computing power [72].

In understanding the usefulness of near-term quantum technologies, we need to compare

them to classical computation. Quantum advantage (originally known as quantum (com-

putational) supremacy, a phrase coined by Preskill in 2012 [73]) refers to the achievement

of quantum computers carrying out tasks that would be infeasible for classical computers,

generally because it would require computational power or time beyond what is possible or

available, e.g. computation times in the thousands of years. This is difficult to verify with

certainty, and quantum advantage claims are often later debunked (e.g. the quantum advan-

tage result of [74], later debunked by [75]), however we are currently in an era of increasingly

convincing demonstrations of quantum computational power beyond classical limits.

Although quantum advantage refers to the exact runtime of a specific task, it is widely

understood that, due to the high overheads of quantum error correction, the difficulties of

constructing the hardware, and the relatively slow speed or high resource requirements per

qubit, this is only likely to be possible for algorithms (or processes) which offer a better-than-

quadratic, or ideally exponential, speedup in comparison to the classical case [76]. These are

the examples which are driving the majority of the interest in quantum computing. There

is still an open, but important, question on the extent to which quantum computers can

present more energy efficient calculation methods, a main focus of the Quantum Energy
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Initiative [77].

Demonstrations of quantum advantage are frequently based on sampling problems [78,

79]. Generally, a quantum algorithm will produce a particular outcome representing a

solution to a problem, and running the algorithm multiple times is useful to reduce the

likelihood of error. The circuit acts to produce a quantum state that, upon measurement,

gives the desired outcome with high probability. This process is equivalent to sampling from

the probability distribution that corresponds to the probability of measuring all possible

outcomes.

In the case of random sampling problems, the goal is not to produce a specific output

upon measurement. Every measurement instead produces an outcome with probability

defined by the underlying distribution. Various sampling problems based on randomised

inputs are used as schemes for quantum advantage attempts, as it has been shown that

it is intractable for a classical computer to sample from the resulting distributions. These

often involve non-universal models of computation, that cannot produce arbitrary unitary

transforms and therefore cannot run most quantum algorithms, but may be easier to im-

plement experimentally, and they usually do not use error correction. Examples include

sampling from the outcomes of random quantum circuits, either from a universal gate set

(we note that in this case the power of the scheme may be limited by the available depth of the

circuit), or a restricted gate set (in the case of IQP, instantaneous quantum polynomial-time

circuits [80]). A further pedagogical introduction to sampling problems is given in [81].

This thesis is interested primarily in variations of BosonSampling (or boson sampling,

BS), a sampling scheme for quantum linear optics (although it can be carried out by other

platforms [82, 83]) [84]. As we will see, it may be more appropriate to compare this model to

analogue simulators than to computers. Due to the complexity of classically modelling the

dynamics describing this system, it is of significant interest in quantum information science,

and in particular in its potential for quantum advantage demonstrations.

There are many different proposed platforms (i.e. the systems on which to base qubits) in

which quantum algorithms can be realised, such as trapped ions [85], or superconducting

circuits [86]. The requirements for a potential qubit implementation are summarised in the

DiVincenzo criteria [87]. In this thesis we will be most interested in linear optics, in which

single photons are used as quantum information carriers.

2.3 Quantum optics

In order to understand how light can be used to program quantum information, we now

consider the quantum treatment of light.

By light, we are referring to electromagnetic radiation, which, in a vacuum, is described

by Maxwell’s equations, the culmination of many years’ theoretical and experimental work
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describing light, electricity and magnetism [88]:

∇×E = −∂B
∂t

∇×B = µ0ε0
∂E

∂t
+ µ0J

∇ ·E = ρ/ε0

∇ ·B = 0.

(2.22)

E and B are the electric and magnetic vector fields respectively (with implied dependence

on position and time). These depend on electrical sources which provide charge density ρ

and current density J (which we take to be zero in the following description), and universal

constants: ε0 = 8.854× 10−12CV−1m−1 and µ0 = 1.257× 10−6NA−2, the permittivity and

permeability of free space, which satisfy (µ0ε0)
−1/2 = c. Note that this is not the same ε0

as was introduced in Section 2.1.3. These equations are also the foundation for relativistic

electrodynamics. The effects of special relativity can be safely ignored for the purposes of this

thesis, and there is ongoing research to find a theory that effectively unifies general relativity

and quantum mechanics.

We can consider the solution to these equations as a basis for quantising the electromag-

netic field. Full details of this are omitted here, but we follow the treatment of [89, 90], as well

as the more pedagogical description in [91].

When considering differential equations, it is necessary to introduce boundary conditions

to arrive at a unique solution. When introducing the quantisation of the electromagnetic

field, this is generally done by considering a cavity (or space) of finite volume. This is in

accordance with the cavity description of a black-body emitter which was first considered

by Planck. This is an approximation that will generally work for our purposes, but breaks

down for certain systems, such as cavity quantum electrodynamics. However it applies well

to many optical elements [92]. This allows us to find solutions in terms of a vector potential

A, where B = ∇×A and E = −∂A
∂t . We then find that7:

(2.23) A(x, t) =
∑
k

∑
i=1,2

eki(Ak,i exp(−iωkt+ ik · x) +A∗
k,i exp(iωkt− ik · x)).

The index i indicates the polarisation, where the unit vectors e are mutually perpendicular,

and to k, which indicates the direction of propagation of the wave. The components of k are:

(2.24) kx,y,z = 2πnx,y,z/L, n ∈ Z.

Here the quantisation cavity considered is a cubic space of length L, which leads to

solutions expressed in terms of standing waves, and ωk = ck, the mode angular frequency.

The different labels n indicate the different optical modes of the system; a different basis of

7Here, we use the Coulomb gauge, which imposes that ∇ ·A = 0.
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modes can instead be chosen [93]. The modes represent an orthonormal basis over which we

express the different states. By rearranging, we can remove the dependence on L and instead

consider the form of the mode vectors in terms of the wavelength of the light, although

further techniques are needed to find this wavelength, which are beyond the scope of this

work.

We use this solution to find expressions for the electric and magnetic fields, E = −∂A
∂t

and B = ∇×A, which can be used to find the Hamiltonian of the electromagnetic radiation,

representing the total energy:

HEM =
1

2

∫
V

(
ε0|E|2+µ−1

0 |B|2
)

dx

=
∑
k,i

ε0V ω
2
k(Ak,iA

∗
k,i +A∗

k,iAk,i)
(2.25)

where V is the volume of the cavity. This is the sum of the energy density of the electric

and magnetic components of the field, and comes directly from the way that the fields are

defined.

As discussed in Section 2.1.3, the quantum treatment for photon sources derives from

considering the analogy to harmonic oscillators of some mass m (this can be found from the

de Broglie relation using the wavelength of light) and angular frequency ω, whose quantum

mechanical Hamiltonian is given by:

(2.26) ĤSHO =
p̂2

2m
+

1

2
mω2x̂2.

This derives from the application of Dirac’s canonical commutation relations to the

classical Hamiltonian. Instead of the position and momentum operators x̂ and p̂, we can

express the Hamiltonian in terms of the ‘ladder’ operator, defined as â = (2mℏω)−1/2(mωx̂+

ip̂). Where did this come from, and in particular why did we introduce ℏ? This allows us to

have the correct value of the energy of each photon, of E = hf , following Planck’s law. It may

seem a bit circular, but bear in mind that this is not a strict mathematical derivation, and

must agree with empirical evidence and previously known results. We can then write the

Hamiltonian as:

ĤSHO =
1

2
ℏω(ââ† + â†â)

= ℏω
(
â†â+

1

2

)
,

(2.27)

noting that [â, â†] = 1.

We now compare this to Eq. 2.25. Rewriting the Hamiltonian (Eq. 2.26) in terms of the

dimensionless amplitudes ak,i = (2ωkε0V )1/2ℏ−1/2Ak,i, and applying the canonical quantisa-

tion described (so that ak,i → âk,i), we now have:

(2.28) Ĥ =
∑
k,i

ℏω
(
â†k,iâk,i +

1

2

)
.
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That is, we consider the electromagnetic system to be a set of modes, each of which is

described by a harmonic oscillator, which is associated with an angular frequency ω, and a

massm, which determines the wavelength of the light emitted by that oscillator. We note that

each oscillator has a zero-point energy. The effect of introducing the boundary conditions

gives us discrete modes, and ensures we don’t have infinite energy of the vacuum. In theories

that require free space representations, we must instead use renormalisation.

As previously described, the eigenvalues of Ĥ give the possible energies of the system,

which we see are the eigenstates of â†â. Let us label one such eigenstate |n⟩, so Ĥ |n⟩ = En |n⟩.
We can also show that â† |n⟩ is also an eigenstate of Ĥ with eigenvalue En + ℏω, and â |n⟩ is

an eigenstate of Ĥ with eigenvalue En − ℏω. I’ve omitted these derivations because they are

quite familiar from textbooks – see, for example, section 4.3 of [89].

We define the ground state, or vacuum, as the lowest energy level, |0⟩, so â |0⟩ = 0. We

thus find the energy eigenstates are equally spaced withEn = (n+ 1
2)ℏω, n ∈ Z+ ∪{0}. These

eigenstates represent the Fock states, which represent different numbers of excitations of the

fields (i.e. photons). These are eigenstates of the number operator: â†â |n⟩ = n |n⟩. We can

then convert between these using:

â |n⟩ = √n |n− 1⟩(2.29)

â† |n⟩ =
√
n+ 1 |n+ 1⟩(2.30)

to increase (using the creation operator, â†) or decrease (using the annihilation operator,

â) the photon number, where we also note the eigenstates have been introduced to satisfy

normalisation. Therefore:

(2.31) |n⟩ = (â†)n√
n!
|0⟩ .

We note that, due to the uncertainty principle, states cannot have an exactly defined

photon number but there can be minimum uncertainty states. Fock states may seem well

defined within this framework but, when considered in the realistic infinite-dimensional

Hilbert space, they cannot be normalised. Nonetheless, for our purposes we can continue to

consider them, although we note they cannot physically be produced exactly.

Much like the wave picture of light, photons have a certain frequency, the conjugate

variable to time. It is difficult to compare the propagation of a photon to the oscillation

of a field, but it is interesting to note that photons have phase, which changes as photons

propagate.

I recommend the theses [94, 95] for the following section. We will be considering light

propagating in materials where the Hamiltonians describing quantum optical systems are at

most quadratic in the creation and annihilation operators, and take the form [89, 96, 97]:

(2.32) Ĥ =
∑
k

(
αkâ

†
k + α∗

kâk

)
+
∑
k,l

(
ξklâ

†
kâ

†
l + ξ∗klâlâk

)
+
∑
k,l

(
µklâ

†
kâl + µ∗klâ

†
l âk

)
.
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This is due to the nature of the materials in which photons are generated and propagated,

and is beyond the scope of this thesis, although it is discussed in many of the theses that

have been referenced. Higher order interactions are possible, but they are rare and difficult

to engineer. (From this point onwards we will use k to label distinct modes.) These generate

a particular class of unitaries, known as Bogoliubov transformations. The first two sums

– containing terms which are linear, and quadratic, in the ladder operators – represent

displacement and squeezing, respectively, which we will return to in Section 2.7; these are

used in photon generation. The third term conserves the total photon number(as every

annihilation operator is matched with a creation operator), representing operations which

are known as passive transformations. To describe these it will be useful to consider state

transformation in the Heisenberg picture.

A Fock state over m modes, |n⟩ = |n1, ..., nm⟩ can be expressed as:

(2.33) |n⟩ =
m∏
i=1

(âi
†)ni

√
ni!
|0⟩ ,

and therefore it is useful to consider transformations between Fock states in terms of their

action on the creation operators.

Let us consider a vector of mode operators â = (â1, ..., âm)
T , â† = (â†1, ..., â

†
m). Then

the vector â† represents the creation operators of photons emitted into arbitrary modes

(represented by the subscripts). The Bogoliubov transformations act as:

(2.34) (â†, â)T 7→ (b̂†, b̂)T = UTB (â
†, â)T .

The superscript T , indicating the transpose, is used by convention.

We also note that in the Heisenberg transformation, each individual â†k is mapped to

ÛH â
†
kÛ

†
H =

∑
l clâ

†
l , however rather than writing each of these individual transforms, as this

acts linearly we can express it as a matrix on the basis of creation operators, UB . We use the

transpose here as we are acting on the Hermitian conjugate.

The Hamiltonian in Eq. 2.32 generates the more general Bogoliubov transformations:

(2.35) â†k 7→
∑
l

αklâ
†
l + βklâl + γk.

Unlike ÛH , the matrixUB is not necessarily required to be unitary (by the same reasoning).

More generally, we are interested in the group of symplectic matrices that describe the

transformations acting on the vector of ladder operators. This will be discussed further in

Section 2.7, but in this case,UB is indeed unitary (although the full derivation of this is omitted

here – see, e.g. [96]). It is also interesting to note that this arises from the commutation

relations, and is boson-specific – the case would be different for fermions.

It is important to note the linearity of this transformation, which in this case means that

the quantum evolution does not depend on the photon number. Photons are therefore often
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described as ‘non-interacting’. This means the evolution of an arbitrary Fock state proceeds

as:

|n⟩ =
m∏
i=1

(âi
†)ni

√
ni!
|0⟩

7→
m∏
i=1

(∑m
j=1(UB)ij â

†
j

)ni

√
ni!

|0⟩ .
(2.36)

Hence, if we consider the Fock basis |n⟩, we cannot produce an arbitrary transformation in

this basis, as we will discuss further in the following section.

We note that this does not preclude photon interference, such as the HOM (Hong-Ou-

Mandel) dip [98]. The combination of terms after doing this product may lead to cancellations

(destructive interference), due to the commutation of creation operators.

Any quadratic Hamiltonian, as given by Eq. 2.32, may be diagonalised to give Bogoliubov

operators which implement a linear transformation of the mode operators (due to Bogoli-

ubov diagonalisation), and therefore the complete system may sometimes be referred to as

linear optics. However, we may also use the term ‘linear optics’ to refer to only the passive

transformations that preserve photon number (the third term of Eq. 2.32). In particular,

displacement and squeezing, which are represented by the other terms (and will be discussed

further later on) are generated by the non-linear electro-optic response of materials (such as

silicon or silicon nitride), which are usually pumped by a source of light (which is omitted in

the terms of the Hamiltonian) [89].

2.4 Linear optical quantum computing

Let us now consider how we would use photons to construct a quantum computer. Photons

have several differences to other popular platforms. Measuring any quantum state destroys

quantum coherence and collapses to an eigenstate, but photon measurements absorb them

and therefore also consume the physical qubit. Photons are sometimes referred to as ‘flying

qubits’, as they can encode information and travel long distances, with transformations

carried out when they are acted on by successive optical elements. The lifetime of photons

is limited by the path length available in the device, as well as their susceptibility to loss,

so quantum computing implementations usually involve procedures to pass information

between qubits (i.e. variations on teleportation).

Typical evaluations of qubit technologies focus on qubit coherence times (coherence will

be (briefly) discussed further in Section 2.7), however a major bottleneck for constructing

photonic quantum computers is loss, and therefore the lifetime of the photon should be

minimised to reduce the probability that it does not survive its journey. People also often ask

‘how many qubits does this quantum computer have?’ – however, in measurement based

32



2.4. LINEAR OPTICAL QUANTUM COMPUTING

quantum computing, there are several ways to define a qubit, so this question requires some

caution.

There are several different ways of encoding quantum information into photons, i.e. to

represent logical states (qubits) in terms of physical states. One potential encoding is using

Fock states (i.e. that the vacuum should represent the logical state |0⟩L, and that one photon

in a mode represents the state |1⟩L), however using this, it is difficult to tell when a photon

has been lost. The dual-rail encoding instead uses orthonormal modes, such as polarisation

or spatial modes (that is, photons occupying e.g. distinct waveguides), with the encoding

|0⟩L = â†1 |vac⟩ = |1, 0⟩, |1⟩L = â†2 |vac⟩ = |0, 1⟩ [96].

In general, the Hilbert space occupied by n photons in m modes has dimension
(
m+n−1

n

)
.

Where does this come from? It would be tempting to use mn, that is, the set of subsets

of length n from a list of length m with replacement, however, this would suggest that the

photons can be distinguished. This is actually the ‘multichoose’ function, found using the

‘stars and bars’ counting argument [99]. This follows the following argument: we have a set

of n photons, and we want to partition them into m sets (although we note that m ≥ n so

some sets are empty). Hence, we use m− 1 ‘bars’ as separators denoting the dividing point

between the sets. As this produces a list of n+m− 1 objects, there are n+m− 1 different

places to put the bars, so the total number of different partitions is
(
m+n−1

n

)
. There are good

illustrations on Wikipedia! If we use the dual-rail encoding, we put n photons in 2n modes,

giving a total size of the Hilbert space 2n. We note that 2n ≤
(
3n−1
n

)
, however, some Fock

states are outside of our computational space, as we require exactly one photon in each pair

of modes.

It could be tempting to instead use the encoding where each mode is labelled by a different

bit string, with one photon occupying all 2n modes. This is not a scalable implementation,

as it requires an exponential number of modes, however we can do universal unitaries in

this space. Qudit encodings (one photon to 3 or more modes) can be useful in some cases –

particularly if it is more practical to increase the number of modes than increase the number

of photons [100].

A universal passive unitary transformation can be expressed as â† 7→ UT â†, (i.e. not mixing

creation and annihilation operators). These can be implemented in a linear optical network

using an interferometer, which implements specific transformations between modes. The

components used to practically implement this are beam splitters and phase shifters, and

an arbitrary unitary can be decomposed into the appropriate interferometer using a Reck

scheme [101], or Clements scheme [102]. Further details on experimental implementations

of unitary transformations are omitted as they are not relevant to this work.

Let’s think a little more about this unitary. Each operator â is itself a matrix inside an

infinite dimensional Hilbert space, and we know that Heisenberg-picture transformations

on these operators should be unitary. However, the matrix (note that this doesn’t have a ‘hat’
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because it is not itself an operator, but matrix of operator transformations, or superoperator)

that takes a vector of these operators/matrices to a different vector itself happens to be unitary.

This is because of the form of the Bogoliubov operators, and not because it is generated

by Hamiltonians in the same way as time evolution. In fact, we will see the symplectic

generalisation later on. The fact that we can construct universal unitaries in linear optics

is detailed in [95], but, to emphasise one of many times: this is not a universal quantum

computer!

We are now using notation in a few different ways to refer to different quantum states,

and it is important to keep track of what is being represented by bras and kets. In particular,

describing Fock states (as we have been doing so far) is an example of second quantisation,

where the formalism focuses on the occupation of different modes, e.g. the state |a, b, c⟩
represents a photons in the first mode, b photons in the second mode, and c photons in

the third mode. Alternatively, we can use the first quantisation, which focuses on the state

of individual particles, so |a, b, c⟩ represents that the first photon is in mode a, the second

photon is in mode b, and the third photon is in mode c.

Due to the exchange statistics of bosons, care is needed when converting between these

formalisms [103, 104]. For example, the second quantised state |1, 1⟩ = â†0â
†
1 |vac⟩ can cor-

respond to |0, 1⟩ or |1, 0⟩ in the first quantisation. However, it’s not necessarily a case of the

second quantised state being equivalent to either of these – these states cannot be distin-

guished, and it is necessary to construct the perfectly symmetric state 1√
2
(|0, 1⟩+ |1, 0⟩) as

the first quantised equivalent of this state. This reflects the fact that the first quantisation

formalism is redundant, and hence states which are given different labels are physically

identical; it may therefore seem that the Fock space is smaller than for other encodings.

We also note an alternative description, in which states are described instead using

multivariate polynomials [84], similarly to Eq. 2.33.

However, this construction is not yet sufficient to build a universal quantum computer –

that is, to implement an arbitrary unitary on n qubits (i.e. an arbitrary unitary on the logical

states |0⟩L and |1⟩L) in the dual-rail encoding. As we have seen, passive linear interferometers

act on Fock states according to a product of unitary transformations on the creation operators.

However, this is a subgroup of the full space of unitaries that we would like to access. Let us

consider the example from [97], the transformation on the logical qubits given by |00⟩L →
1√
2
(|00⟩L + |11⟩L). Using the dual-rail encoding, the transformation on creation operators

is â†1â
†
3 → 1√

2
(â†1â

†
3 + â†2â

†
4). We can see that this cannot be decomposed into a product

of single-photon transformations, and therefore cannot be implemented with the passive

transformations we have considered so far.

Single photons input to a passive linear interferometer is not sufficient for scalable uni-

versal quantum computation, in particular due to the inability to deterministically produce

entanglement (at least in the dual-rail encoding, as the previous example shows), hence the
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need to introduce nonlinearities. One method of doing this is to introduce measurement and

feedforward – the process by which results of measurements at one stage of the computation

are used to decide the operations that are implemented at a later stage.

We can see an example of how this is implemented by considering, e.g. the fusion

gate [105] (or see [91, 106]). Type-II fusion can be seen as a Bell state measurement, which

has some probability of failure, as certain outcomes correspond to states outside of the

computational space. However, on success, some photons are projected into a Bell state,

which effectively entangles them. These photons are destroys, but if they are entangled to

other photons in small initial resource states, the remaining photons can be built up into

larger cluster states.

Historically, it was thought that the only way to introduce the necessary nonlinearities

would be to use non-linear materials [52]. The ‘KLM’ (Knill, Laflamme and Milburn) scheme

proposed in 2001 showed that it is possible to scalably implement a quantum computer

using single-photon sources and detection, passive interferometers, and measurement

and feedforward [107]. Scalable here means that the required components scale at worst

polynomially with the number of qubits or gates, although KLM requires linear resources,

similarly to our definition of ‘efficient’.

Nonetheless, KLM still required large overheads. It was the proposal of measurement-

based quantum computing (MBQC) that provided a realistic picture for how to build photonic

quantum computers [108]. This is a scheme that begins with the formation of a large en-

tangled ‘cluster’ state, and then requires no further two-qubit operations, just single-qubit

measurements and feedforward. Producing the cluster state is itself complicated, but sug-

gested schemes involve percolation, which uses feedforward on a much larger state to deal

with the probabilistic failure of fusion gates [109]. KLM and MQBC are not entirely unre-

lated [110].

Another promising scheme that has recently proposed is fusion-based quantum compu-

tation [111]. This provides a particularly elegant solution to the issue of building up large

cluster states by combining the entangling and operational measurements into one stage,

and dealing with fusion failure through the error correction scheme.

Errors in photonic quantum computing can come from several sources. The primary

concern is photon loss, which in integrated optics in caused by photons being scattered

out or absorbed by the waveguides. Distinguishability between photons (caused, e.g. by

slightly different spectra or polarisations) also decreases quantum interference [103], as does

spectral impurity, which will be considered in more detail later on.

Throughout this work, we will not be focused on operations in the qubit picture, but

instead will focus on passive unitary transformations that act on modes. In order to do this,

it will be useful to consider the graphical representation of states.
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

0 1 1 0 0 0
1 0 1 1 0 0
1 1 0 0 1 1
0 1 0 0 1 1
0 0 1 1 0 1
0 0 1 1 1 0


FIGURE 2.1. An example 6-vertex graph and its associated adjacency matrix, where

a 1 in the i, j-th element indicates an edge connecting vertices i and j.

2.5 Graphs

A graph is a mathematical structure which, in its most basic form, is made up of a set of

vertices V (with |V |members) and a set of edgesE (with |E|members) connecting them [112].

Graph theory is an important field of mathematics, and is used to model the relationships

within groups of objects in many different subjects. We introduce them here as they will

become useful in subsequent sections for describing certain quantum states.

Graphs can be directed, in which edges have a direction, beginning at one vertex and

terminating at another. They can also be weighted, in which edges (or vertices) can have a

value assigned to them. For now, we will focus on undirected, unweighted graphs.

A graph of n vertices can be described by an n×n adjacency matrix,A. For an undirected,

unweighted graph, this is a symmetric matrix in which elementAij is 1 if vertices i and j are

connected by an edge, and 0 otherwise, such as in Fig. 2.1.

Let us consider a particular class of graphs, bipartite graphs, with an example shown in

Fig. 2.2. In this case, the vertices of the graph can be separated into two sets, V1 and V2. (This

could, of course, be generalised further to multipartite graphs, but that will not be necessary

in this work.) All edges of the graph connect a vertex in V1 to a vertex in V2, but there are

no internal edges connecting vertices in the same set. In this case, the |V |×|V | adjacency

matrix representing the graph will be block anti-diagonal. Due to the structure of bipartite

graphs, we can instead use an alternative representation for the adjacency matrix, where the

rows represent vertices in V1 and the columns represent vertices in V2 (which is the top right

submatrix of the first representation).

A subgraph of G is any graph GS such that ES ⊆ E and VS ⊆ V . An induced subgraph is

some subset VS of the vertices V , where the edges ES in the subgraph are all of the edges

in E that connect members of VS . In this work, we will use ‘subgraph’ to mean an induced

subgraph, unless specified otherwise. We could also consider spanning subgraphs, which

consist of all of the vertices of V , but only some subset of E (that is, they are formed from G

by deleting some edges) [113].
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

0 0 0 1 1 0
0 0 0 1 0 1
0 0 0 0 0 1
1 1 0 0 0 0
1 0 0 0 0 0
0 1 1 0 0 0


1 1 0
1 0 1
0 0 1



FIGURE 2.2. An example bipartite 6-vertex graph and its associated adjacency ma-
trices – firstly, where rows and columns represent vertices, and secondly where
rows are the left-hand vertices and columns are the right-hand vertices (note
that this is the same as the upper right, or transpose of the lower left, block of
the first matrix).

One important characteristic of a graph G is its density, d(G). This is defined as8 [114]:

(2.37) d(G) =
2|E|

|V |(|V | − 1)
,

where |E| and |V | indicate the number of edges and vertices respectively. As a fully connected

graph has |V |(|V |−1)/2 edges, d(G) is between 0 and 1.

A matching is a set of edges EM ⊆ E such that no edges in EM are incident on the same

vertex. If every vertex of G is connected to an edge in EM , this is a perfect matching (note

this is only possible if the number of vertices of G is even).

Given an n× n square matrix M , let us introduce the permanent [115]:

(2.38) per(M) =
∑
σ∈Sn

n−1∏
i=0

Mi,σ(i)

where Sn indicates the symmetric group, that is the set of permutations of {0, .., n− 1}. For

example, S3 = {012, 021, 102, 120, 201, 210}. Hence, the permanent is a sum of n! terms, in

which each term is the product of n matrix elements, where, across the first indices, each

number 0 to n − 1 appears only once, and similarly for the second indices. We start with

0, instead of 1, as this makes it easier to convert back and forth with the code used for the

simulations - nonetheless, this is a matter of convention and does not make any difference to

the definitions. This is a matrix operation closely related to the determinant, but it is typically

much more difficult to compute.This is because the negative terms in the determinant lead

to cancellations (e.g. if two rows are the same), which can be used in simplifications such as

Gaussian elimination.

We do not require M to be symmetric, but using the second representation described

previously, we can choose M to be the adjacency matrix of a bipartite graph, with |V1|=
8This convention differs in some sources - for example, to be the ratio between the number of edges and

number of vertices, or the average degree of a vertex. Here it has been chosen to be normalised to between 0 and
1.
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|V2|= n, so the total number of vertices is 2n. The permanent counts the number of perfect

matchings of the graph – that is, every way that the vertices can be paired together, or every

subset of edges such that each edge is connected to exactly one vertex. The graph in Fig. 2.2

contains one such perfect matching, shown in Fig. 2.3, so the permanent of its adjacency

matrix is 1. For a weighted graph, each term in the sum is weighted by the product of

the weights of the edges in the matching. In the matrix definition, you can see that every

potential paring of vertices is considered, but some of them have weight zero because edges

are missing. Hence a fully connected, unweighted graph has permanent n!.

0

1

2

3

4

5

FIGURE 2.3. The perfect matching of a bipartite graph.

We would also like to consider the number of perfect matchings of a general graph (with

an even number of vertices) – this is shown, using the example graph from Fig. 2.1, in Fig. 2.4.

To do this, we introduce the hafnian function [115, 116]:

(2.39) haf(M) =
∑
µ∈M

|V |/2−1∏
k=0

Mµ2k,µ2k+1

 .

Here, M is the set of perfect matching partitions of S (the different ways of ‘pairing’

the indices, or every permutation in which µ2k < µ2(k+1) and µ2k < µ2k+1). There are

(n − 1)! ! = 1 × 3 × 5 × ... × (n − 1) terms. The hafnian of a graph with an odd number of

vertices is defined to be zero, and the hafnian of an empty graph is defined to be 1. The

matrix M must be an adjacency matrix, so it must be symmetric.

0 1

2

34

5

0 1

2

34

5

0 1

2

34

5

FIGURE 2.4. The perfect matchings of the example graph from Fig. 2.1 – every way
to combine the vertices into pairs, so that each pair of vertices is connected by
an edge.

The permanent and hafnian are both examples of a generalisation of this class of matrix

functions, the immanant [117]. We note that there are several connections between the
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permanent and hafnian. For example, the hafnian of a block anti-diagonal matrix [116]:

(2.40) haf

[(
0 M

MT 0

)]
= per(M),

By comparison to the matrices in Fig. 2.2, we can see that these matrices are the two different

adjacency matrix representations of a bipartite graph. This shows that the permanent and

hafnian of a bipartite graph are equivalent (as expected), although the hafnian takes a 2n×2n

size matrix as input, and the permanent takes an n× n size matrix as input.

Many problems can be expressed using the formalism of graph theory, which means that

the complexity of graph problems is a rich field. Some examples include:

• The complexity of estimating the permanent, or hafnian, of a matrix whose entries are

0 or 1 is #P-complete [118].

• 11 of Karp’s 21 NP-complete problems involve graphs [30], including:

whether a graph contains a clique (fully connected (sub)graph) of size k

whether there is a subset of vertices V ′ (a vertex cover), with |V ′|≤ k, such that

every edge is connected to at least one vertex in V ′

whether there is a set of ≤ k vertices which can be removed such that the graph

does not contain a cycle (closed path), or the analogous problem of removing edges

from a directed graph

whether the graph contains a Hamiltonian path, a path that visits each vertex

exactly once, for both directed and undirected graphs

where each vertex of the graph can be assigned one of k colours, so that no vertices

joined by an edge have the same colour

whether the vertices can be partitioned into≤ k cliques

whether, given some subset of the vertices, a tree (a graph in which any two vertices

are connected by exactly one path, known here as the Steiner tree) exists of weight≤ k,

that connects to all of the vertices of the subset

given a 3-dimensional, tripartite hypergraph, whether there exists a matching of

≥ k hyperedges

whether the vertices can be partitioned into two distinct sets (a ‘cut’), such that

there are at least k edges connecting vertices in the two different sets.

• The maximum matching – the matching with the most edges– can be found in polyno-

mial time [119].

39



CHAPTER 2. BACKGROUND

It is interesting to note that despite the permanent simply being the determinant but

without the sign factor introduces before each term, it is significantly more difficult to

compute. As explained in [120], the determinant of many matrices are zero (in particular, if

two rows or columns are identical). These matrices would otherwise appear as additional

terms in Gaussian elimination, which means that this is a simple process for determinants

that cannot otherwise be applied to permanents.

2.6 Boson sampling

2.6.1 The model

As we have seen, passive linear optics are not thought to be scalable for universal quantum

computation. Despite this, given that the implementation of measurement and feedforward

remains a major roadblock for practical implementations [121], it is interesting to consider

what it can do.

Although passive linear optics can be useful as a platform for quantum simulation (such

as in [67]), it is difficult to ascertain whether this sort of experiment could solve problems

which are classically intractable, and therefore demonstrate quantum advantage. There are

many experimental quantum groups that are able to measure effects that are beyond the

reach of classical simulation (e.g. in studying Bose-Einstein condensates [122]), but it is

difficult to definitively say that there is not an as-yet-undiscovered algorithm that would be

able to do so. Due to the work of Aaronson and Arkhipov in [84], quantum optics is fortunate

in being able to confidently state this, at least in the limit of very large experiments.

We consider a setup known as BosonSampling (or often just ‘boson sampling’, or BS).

We have seen how the bosonic nature of photons is important to the allowed operations of

passive linear optics; fermion sampling, the fermionic equivalent, is a somewhat different

scheme. In this framework, we have a passive linear optical interferometer with m modes,

with n ≤ m single photons entering in different modes, and then we use photon-number-

resolving (PNR) detectors at the output9, as in Fig. 2.5.

We are interested in the probabilities of measuring different outcome patterns, n, which

is derived in [123]. We can assume w.l.o.g. that we input photons in the first n modes:

(2.41) |Ψin⟩ =
n∏
i

â†i |vac⟩ .

In this case, â†i indicates a photon creation operator in the i-th mode. For now, we will

consider a more general input state (still n photons in m modes, so the product goes up to n,

9PNR detectors measure the number operator, n̂, on a single mode.
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Linear
interferometer

1

0

0

1

1

0

1

0

Measurement outcome
{1, 0, 0, 1, 1, 0, 1, 0}

Figure 2.5: The boson sampling framework. n = 4 single photons enter an m = 8-mode
linear interferometer, and are measured with photon-number-resolving detectors. The BS
problem is to produce measurement outcomes randomly, but with the correct probabilities
to match this physical framework.

but this time allowing each photon to be input into any mode):

(2.42) |Ψin⟩ =
n∏
i

1√
N
â†ki |vac⟩ .

Note that â†ki indicates that we are referring to the creation operator that is associated with

the photon labelled by ki. This labels a photon, not a mode – e.g. the vector k = (1, 2, 2, 4)T

represents 1 photon input to the first mode, 2 to the second mode, and 1 to the fourth mode.

We then useN to indicate
∏n
i (ni! ), where ni indicates the number of photons input to mode

i.

The interferometer then implements a unitary transformation, according to Eq. 2.34. In

the scheme of [84], this is a Haar-random unitary. Our output state is then:

|Ψout⟩ =
n∏
i

b̂†ki |vac⟩

=

n∏
i

1√
N

m∑
j

Uki,kj â
†
kj
|vac⟩ .

(2.43)

Where we have used:

(2.44) b̂†ki =
m∑
j

Uki,kj â
†
kj
,
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We are interested in the probability of some output state n′:

p(n′) =
∣∣〈n′∣∣Ψout

〉∣∣2
=

∣∣∣∣∣∣⟨vac|
n∏
l

1√
N ′ âkl

n∏
i

1√
N

m∑
j

Uki,kj â
†
kj
|vac⟩

∣∣∣∣∣∣
2

.
(2.45)

Here, kl indicates the indices of the output photons.

Now, we focus on one part of this:

(2.46)
n∏
i

m∑
j

Uki,kj â
†
kj
.

By multinomial expansion, this creates a sum of mn different terms, of the form

n∏
i

Uki,f(ki)â
†
f(ki)

.

The mapping f(ki) contains every choice of n elements from m, with replacement (multi-

choose again). This gives:

(2.47) p(n′) =

∣∣∣∣∣∣
∑
f(ki)

⟨vac|
n∏
l,i

1√
N ′ âkl

1√
N
Uki,f(ki)â

†
f(ki)
|vac⟩

∣∣∣∣∣∣
2

.

The only surviving terms are those where {σ(kl)} = {f(ki)}, that is, the terms where the

product of â† operators are the same as the product of â operators (in any order); {σ(kl)}
denotes a reordering of {kl}. Therefore, we arrive at:

p(n′) =

∣∣∣∣∣∣
∑
σ∈Sn

⟨vac|
n∏
l,i

1√
N ′ âkl

1√
N
Uki,σ(kl)â

†
σ(kl)
|vac⟩

∣∣∣∣∣∣
2

=

∣∣∣∣∣∣
∑
σ∈Sn

n∏
l,i

1√
N ′

1√
N
Uki,σ(kl) ⟨vac| âkl â

†
σ(kl)
|vac⟩

∣∣∣∣∣∣
2

=

∣∣∣∣∣∣
∑
σ∈Sn

n∏
l,i

1√
N ′

1√
N
Uki,σ(kl)

∣∣∣∣∣∣
2

.

(2.48)

Let us now introduce a modified matrix, Un′,n, where we choose the columns of U accord-

ing to the input vector, and repeat column i, ni times, and the rows are repeated similarly,

according to the output vector n′ – for example, the experiment in Fig. 2.5 produces the
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submatrix according to the selected elements:

(2.49)



U1,1 U1,2 U1,3 U1,4 U1,5 U1,6 U1,7 U1,8

U2,1 U2,2 U2,3 U2,4 U2,5 U2,6 U2,7 U2,8

U3,1 U3,2 U3,3 U3,4 U3,5 U3,6 U3,7 U3,8

U4,1 U4,2 U4,3 U4,4 U4,5 U4,6 U4,7 U4,8

U5,1 U5,2 U5,3 U5,4 U5,5 U5,6 U5,7 U5,8

U6,1 U6,2 U6,3 U6,4 U6,5 U6,6 U6,7 U6,8

U7,1 U7,2 U7,3 U7,4 U7,5 U7,6 U7,7 U7,8

U8,1 U8,2 U8,3 U8,4 U8,5 U8,6 U8,7 U8,8



This is an n× n matrix, and we can now relabel:

p(n′) =
1

n!n′!

∣∣∣∣∣∑
σ∈Sn

n∏
i

(Un′,n)i,σ(i)

∣∣∣∣∣
2

=
1

n!n′!

∣∣per(Un′,n)
∣∣2 ,

(2.50)

where we have introduced the notation n! =
∏
i (ni! ). Recall the graph notation of the perma-

nent, matching left-hand-side and right-hand-side vertices of bipartite graphs. Intuitively,

we can match this to the model of boson sampling – if we say the first set of vertices represent

our input modes, and the second set of vertices represent the output modes, the edges

straightforwardly represent the transition amplitudes between input and output.

In that case, why is there a difference between the classical and quantum case? The answer

is due to interference terms. Let’s consider the case in which the photons are completely

distinguishable. In this case, we would not expect the photons to interfere with each other,

so we expect a different action of the interferometer.

To see this, we rewrite the input state, but giving each photon an ‘internal’ mode label

(the one we do not measure, e.g. spectral mode), which are all distinct, and an ‘external’

mode label (e.g. spatial mode). The spatial modes are transformed as before, but the spectral

modes are not changed:

(2.51) |Ψin⟩ =
n∏
i

1√
N
â†i,ki |vac⟩ .
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The output can be any arrangement of internal mode labels. Hence,

p(n′) =
∑
σ̃∈Sn

∣∣∣∣∣∣⟨vac|
n∏
l

1√
N ′ âσ̃(l),kl

n∏
i

1√
N

m∑
j

Uki,kj â
†
i,kj
|vac⟩

∣∣∣∣∣∣
2

=
1

n!n′!

∑
σ̃∈Sn

∣∣∣∣∣∣
n∏
l

n∏
i

m∑
j

Uki,kj ⟨vac| âσ̃(l),kl â
†
i,kj
|vac⟩

∣∣∣∣∣∣
2

=
1

n!n′!

∑
σ̃∈Sn

∣∣∣∣∣∣
n∏
l

m∑
j

Ukσ̃(l),kj ⟨vac| âσ̃(l),kl â
†
σ̃(l),kj

|vac⟩

∣∣∣∣∣∣
2

=
1

n!n′!

∑
σ̃∈Sn

∣∣∣∣∣
n∏
l

Ukσ̃(l),kl ⟨vac| âσ̃(l),kl â
†
σ̃(l),kl

|vac⟩
∣∣∣∣∣
2

=
1

n!n′!

∑
σ̃∈Sn

n∏
l

∣∣∣Ukσ̃(l),kl

∣∣∣2
=

1

n!n′!
per

(
|Un′,n|2

)
.

(2.52)

In a slight abuse of notation, we are using |U |2 to indicate the matrix where we take the

absolute value squared of every element of U .

This matrix has only real, non-negative elements. Indeed, it is the presence of negative

terms which suggests the occurence of quantum interference. As will be discussed later

on, this means it is efficient to estimate the permanent classically – thus, we have lost the

quantum advantage.

2.6.2 Computational complexity

This framework for quantum devices is very different to the previous algorithms we have

seen, where the goal is to produce a state of interest and then measure that to find the answer

to the problem. On the other hand, boson sampling may seem more like simulation, in which

we are interested in the evolution of a certain quantum system.

Ultimately, we are interested in whether this framework displays quantum advantage.

Even though permanents, which describe our output probabilities, are in general #P-hard to

calculate and therefore inefficient to compute classically, this class is also larger than BQP,

and therefore we do not expect that we should be able to calculate a permanent directly using

a quantum computer. Indeed, this would not be possible using a BS device, as we would have

to take an exponential number of samples in order to estimate (with reasonable precision)

the individual probability that we are interested in. Despite this, the main result of [84] is that

it is not possible for a classical algorithm to exist that is able to efficiently simulate a boson

sampler. Here we give a brief summary of their complexity proof. Certain details will become

relevant in Chapter 5, and therefore more detail is given in Appendix C.
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Efficient classical
simulator

Estimate q(x) on
third level of PH

Multiplicative error
estimate of p(x)

BPPNP = P#P

Probabilities are #P-hard
to estimate

Submatrices have i.i.d.
Gaussian entries

Program interferometer
with matrix U

PH collapses

Stockmeyer’s
theorem

Anti-concentration
conjecture

Hiding

Permanents of Gaussians
conjecture

Toda’s
theorem

Figure 2.6: An outline of the complexity proof structure from [84]. On the left-hand side
are elements of the proof that concern the computational power of an efficient classical BS
simulator (particularly regarding the complexity class in which it could estimate outcome
probabilities), and on the right-hand side are elements of the proof that concern the difficulty
of the task of estimating outcome probabilities. These come to a contradiction, showing that
an efficient algorithm with the power to simulate BS cannot exist.

Any quantum algorithm must result in the output of classical information by measuring

the resulting quantum state. Due to the inherent randomness of measurement, this samples

from an underlying distribution – it returns some outcome x with probability p(x). With

many algorithms, a distribution is produced so that there are few possible outcomes, which

represent the answer to the problem.

As we have just seen, in BS, each sample has a probability proportional to the modulus

square of the permanent of the submatrix (of the unitary describing the interferometer)

related to that sample. This (ideal) distribution is referred to as the ground truth. Of course,

implementing this exactly – that is, producing samples with the same probability as the

ground truth – is not realistic for the quantum machine. Instead, we sample from a dif-

ferent, approximate, distribution, where outcome x has probability q(x). The accuracy of
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approximate sampling is given by the total variation distance (TVD) [78]:

(2.53) ∥p− q∥TV=
1

2

∑
x

|p(x)− q(x)|.

Why the factor of 1/2? This definition of TVD is equal to supx|p(x) − q(x)|, the largest

possible difference in probabilities that the distributions could assign to a single event. For

example, say that for an event x, p(x)− q(x) = α. Then, the other probabilities of p must sum

to 1− p(x), and the other probabilities of q must sum to 1− p(x) + α. Therefore (although

we’ve skipped a few steps), the TVD must be at least 2α.

In the framework of BS, we choose a constant ϵ, and try to sample from a distribution

with TVD≤ ϵ. To show that this is infeasible for classical machines to do efficiently (in time

polynomial in n and 1/ϵ), we imagine the existence of some classical oracle C that is capable

of doing this, and show how we could use this oracle to estimate permanents. We find that

this would cause a contradiction due to the computational complexity of doing so. We ask:

given a BS simulator, what sort of problems would we be able to solve, and how hard would it

be to do so? We find that we would be able to estimate the permanents of a certain class of

matrices, and although we wouldn’t be able to do so in polynomial time, we could do that

more efficiently than is allowed by complexity theory.

When considering approximate sampling, we will link this to the estimation of individual

permanents. There are two types of error we can consider: multiplicative error, which means

that for estimation E of quantity Q, |E − Q|≤ ϵ|Q|, or additive error, where |E − Q|≤ ϵ.

Multiplicative error is generally a stronger condition.

The method for making this connection comes from a theorem by Stockmeyer [124]. This

theorem considers some Boolean function; in our case, this is the function implemented

by C, which receives a description of the boson sampler, an error bound (as above), and

a random seed to imitate the randomness of sampling, and we also choose a particular

measurement outcome which we are interested in. Then, the output to the function is 1 if

the pattern given by the simulator is equal to our chosen outcome. Stockmeyer’s theorem

states that the probability that the output to this Boolean function is 1 (this is equivalent

to the probability of the classical simulator sampling a certain outcome) can be estimated

within a multiplicative error using an algorithm in class FBPPNPC
.

The use of Stockmeyer’s theorem is particularly interesting. The (classical) algorithm in-

puts a random string to imitate sampling, however it has some control over the ‘randomness’

of the procedure. This is not the case with the inherent randomness of quantum computers.

Therefore, this proof is about the power of a hypothetical classical computer, and is beyond

the power that we expect from a quantum computer. In fact, the exact complexity class of BS

is not known.

Now, we must consider the problem we are trying to solve using our BS simulator. To

do so, we impose that the unitary U describing the interferometer is Haar-random (this is
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the unique translation-invariant probability measure on the unitary group – that is, if U is

Haar-randomly distributed, so are U ′U and UU ′ for a fixed unitary U ′ [125]). We are also

interested in the collision-free regime, which means that there is at most one photon in each

output mode. This is likely to be true if10 m = o(n2), due to the ‘bosonic birthday paradox’,

considered in [84] (in particular, this states that the expected probability for collisions is

upper bounded by 2n2

m ). We then find that the submatrices describing our output distribution

are close11 in variation distance to matrices with Gaussian i.i.d. (independent and identically

distributed) elements – these matrices are indicated by X. That is, the submatrices we are

interested in ‘look like’ matrices with randomly generated, independent entries, and not

unitary matrices. This is useful to us because these sorts of matrices have useful properties

we can use later on. This is known as the hiding property, and is proven for m = o(n6), but

there is also considerable evidence for it at m = o(n2). Be careful here, about the difference

between ‘Gaussian matrices’ (matrices with i.i.d. Gaussian entries) and ‘Gaussian states’

(which we will discuss later, but are not based on Gaussian matrices, but instead are related

to a multivariate Gaussian distribution). Finally, we draw from distributions weighted by

|per(X)|2 and not per(X), and so [84] also finds a reduction between these.

Taking all these factors into account, we consider the following problem: we have some

Gaussian i.i.d. matrix of which we would like to estimate the permanent. How hard is this?

Using the permanent-of-Gaussians conjecture (as named in [23]), it is #P-hard to estimate

per(X) with multiplicative error. This conjecture focuses on the average-case hardness

(instead of worst-case, which is easier to prove). Without this, it would be possible to design

a classical BS simulator that was successful the majority of the time, but simply failed on

the hard cases, and therefore, for any given experiment, it would be able to simulate the

majority of outcomes accurately, and only fail for a few probabilities – keeping the total TVD

low. This conjecture remains an open problem in the field, but it is generally considered to

be plausible (recent studies include [126–128]).

The result using Stockmeyer’s algorithm shows the complexity of the algorithm with

which the simulator C would be able to estimate the probabilities q(x) (that is, the probabili-

ties of an approximate scheme, similar to the experiment that we are hoping to simulate). As

these probabilities are defined according to the TVD, this only allows us (with high probabil-

ity of success) to estimate permanents with additive error, due to the possible differences

between the distributions p and q. A (relatively involved) reduction between additive and mul-

tiplicative error is given in [84], which requires a conjecture known as the anti-concentration

condition to hold on the distributions described by permanents of Gaussians. This imposes

a condition onto the distribution of probablities, ensuring that there are not too many sig-

10The notation o(f(n)), as opposed to O(f(n)), indicates that the function is lower bounded by f(n), instead
of upper bounded.

11The exact relationship depends on the relationship between m and n, however for variation distance O(δ),
m is polynomial in n and 1/δ.
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nificantly high, or low, probabilities – that is, the distribution appears relatively uniform. A

full description is omitted from this section, but we will return to the anti-concentration

condition in Chapters 4 and 5.

If anti-concentration did not hold, then the distributions would be too ‘spiky’, with

some very probable outcomes and many outcomes with probability close to zero. For these

very improbable outcomes, we would struggle to get a multiplicative-error estimation, and

in a pathological example, these would contain the majority of the difficult-to-estimate

probabilities, so our BS simulator would be failing to do anything difficult.

Indeed, we generally see that very concentrated distributions are easier to ‘spoof’ [129],

as we will examine further in Section 5. These distributions only contain a few ‘important’

outcomes, which are often easy to find, and hence we can sample mostly from these and

assume that the probability of the other outcomes is zero.

With all of these conditions, our efficient classical simulator would be able to solve #P-

hard problems (i.e., the estimation of permanents with multiplicative error) in FBPPNPC

(due to Stockmeyer’s theorem). The latter is in the third order of the polynomial hierarchy,

but due to Toda’s theorem (Thm. 2.1), this is a contradiction, and hence such a simulator

cannot exist. There is a more complete survey of this paper ([84]) in Appendix Section C. We

show the structure of the proof in Fig. 2.6 (based on a similar figure in [84]).

There are many difficulties in experimentally implementing boson sampling, particularly

with a sufficiently low level of error. However, a major roadblock has proven to be producing

single photons. This is an active area of research, but at the time of writing, it is usually done

with non-deterministic sources, and therefore producing many high-quality single photons

on demand has vanishingly small probability [130]. Several potential solutions to this have

been proposed. The main focus of this thesis is Gaussian boson sampling (GBS), a variation

of BS which requires the use of the continuous variable formalism to understand.

2.7 Continuous variable quantum information

2.7.1 Phase space representation

As we have discussed, photons are quanta of the electromagnetic field that represent differ-

ent energy eigenstates of the harmonic oscillator. So far, we have considered Fock states,

eigenstates of n̂, which correspond to challenging single-photon preparation and photon-

number-resolving (PNR) measurements in our state preparation and detection steps. As we

have discussed, these states have a discrete energy spectrum.

This is not the only meaningful way to represent electromagnetic radiation. We can con-

sider instead the quadratures of the field, meaning the position and momentum observables.

Recall from the definition of the harmonic oscillator that these are related to the ladder
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operators by:

(2.54) x̂ =

√
ℏ

2mω
(â† + â)

(2.55) p̂ = i

√
ℏmω
2

(â† − â).

Unlike the ladder operators, these correspond to real observables and are hence Hermi-

tian. Note that [x̂i, p̂j ] = iℏδij . The eigenstates of these operators have a continuous spectrum

(in general, although under specific conditions they may be discrete), and so form the basis

for an infinite-dimensional Hilbert space.

We will follow [131] and [132], with considerable inspiration taken from [133], and [134].

Consider a system of m distinct bosonic modes. Each of these will be a distinct harmonic

oscillator, associated with distinct quadrature operators. We can express these in the vector

r̂ = (x̂1, ..., x̂m, p̂1, ..., p̂m)
T . We then have:

(2.56) [r̂i, r̂j ] = iℏΩij,

where:

(2.57) Ω =

(
0 1

−1 0

)
.

Thus far we have discussed transformations in the Hilbert space, Û |ψ⟩, and transforma-

tions of the creation/annihilation operators, U â, and therefore it may seem natural to now

talk about transformations of the quadrature operators, M r̂. These transformations must

preserve Eq. 2.56, so:

(2.58) MTΩM = Ω,

which is the condition that the matrix M is symplectic.

In more detail:

[(Mr̂)i, (Mr̂)j ] =

[(∑
k

Mikr̂k

)
,

(∑
l

Mjlr̂l

)]
iℏΩij =

∑
k,l

MikMjl[r̂k, r̂l]

= iℏ
∑
k,l

MikΩklMjl

Ω =MΩMT ,

(2.59)

which (as can be shown with a little rearranging and noting that Ω−1 = ΩT = −Ω) is an

equivalent condition.
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Recall from the discussion of Bogoliubov operators in Section 2.3 that a transformation

on the vector of operators is not required to be unitary – in fact, this symplectic condition

is what leads to the unitary condition in DV. However, thanks to linearity, we must consider

affine transformations, i.e. that is why we can consider matrix multiplication.

Given that we are no longer in the discrete variable (DV) picture, we will need to define a

more convenient approach to express states than infinite-dimensional matrices and vectors.

We will therefore consider quasi-probability distributions. In classical mechanics, if we

wanted to describe a state in terms of certain properties (e.g. position or momentum), each

described by probabilities, it would be useful to introduce a probability distribution p(r) in

terms of these variables.

For the remainder of this work, instead of the definition of the quadrature operators in

Eqs. 2.54, 2.55, we will use the ‘dimensionless’ definition of these operators:

(2.60) x̂′ =
1√
2
(â† + â)

(2.61) p̂′ = i
1√
2
(â† − â).

These have the same commutation relations, and we simply have to rescale the eigenvalues.

For notational simplicity, we will write x̂ and p̂ instead of x̂′ and p̂′, but any future use of

the quadrature operators refers to the above equations. We will also use the ‘natural units’

of ℏ = c = 1. Let’s consider what this means. Typically, a symbol such as t represents a

physical quantity that has both a value, e.g. 2, and a unit, e.g. s. In this case, ℏ represents

1.055× 10−34 J s in S.I. units.

We could define a new system of units, including the ‘quantum unit’ (Q), which is defined

so that 1Q = 1.055× 10−34 J s. We could then redefine all other units to be in terms ofQ, so

ℏ = 1Q, and 2 s = 2.109× 10−34 JQ−1, etc. There are several ways of redefining our system of

units, so this needs to be done carefully, but we can worry about this later on when we go to

replacing variables with numbers. We can also go a step further and ignore the quantum unit

entirely, assuming that they usually cancel out in our formulae, and just stop writing ℏ when

it comes up, because it is equal to unity anyway.

Alternatively (and in a more mathematically sound manner), we can consider redefining

variables12. Therefore, instead of using ℏ = 1.055× 10−34 J s, we can define a new variable,

ℏ̃ = 1.055 × 10−34 J s/ℏ = 1, which is inherently dimensionless. We then redefine other

variables in response, e.g. E = ℏ̃ω̃, where ω̃ = ℏω. Once again, we have a choice of redefining

E or ω, but this is something we can deal with later on. Of course, because ℏ̃ = 1, we can

simply not write it when it multiplies other variables. Also, because I’ve now told you that we

are using natural units, this redefinition is implied and we won’t bother writing ω̃ instead of

ω.
12It may therefore be more fitting if this were called ‘natural variables’ instead of natural units.
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This process is known as nondimensionalisation and is common practice. In particular,

most of the quantities that we will be interested in in this thesis are probabilities, and hence

are dimensionless, and therefore we expect that the redefinition of these variables will cancel

out before we arrive at our final outcomes. Hence, keeping track of where the ℏ’s should go is

something only the experimentalists need to concern themselves with.

We can also do a similar process with c. However, despite us considering light, this comes

up less often in this work.

To represent quantum states in terms of these continuous variables, we will first consider

the Wigner function, which has the property that:

(2.62)
∫
R2m−1

Wρ(x1, ..., xm, p1, ..., pm)dp1...dpmdx1...dxm−1 = ⟨xm| ρ |xm⟩ .

where Wρ indicates that we are considering the Wigner function associated with the state ρ,

and |xm⟩ is the position eigenstate in mode m. That is, the probability distributions of the

state over a particular co-ordinate (e.g. xm), the marginals of the function, can be found in a

similar way to the treatment of a classical joint probability distribution (by integrating over

the irrelevant variables).

If we express this in terms of r̂ operators:

(2.63) Wρ(x,p) =
1

(2π)m

∫
Rm

〈
x+

q

2

∣∣∣ ρ ∣∣∣x− q

2

〉
eiq·pdmq.

If not using natural units, we make the replacements 1
(2πℏ)m and eiq·p/ℏ.

To see where this comes from, we first have to consider the relationship between the x̂

and p̂ eigenstates. For simplicity, the functions will for now be presented w.l.o.g. in terms of

single-mode operators. We follow [134].

First note that:

⟨x| [x̂, p̂] |y⟩ = i ⟨x|y⟩
x ⟨x| p̂ |y⟩ − y ⟨x| p̂ |y⟩ = iδ(x− y)

⟨x| p̂ |y⟩ = iδ(x− y)
x− y ,

(2.64)

from which an arbitrary state |ψ⟩ satisfies:

(2.65) ⟨x| p̂ |ψ⟩ =
∫

dx′i
δ(x− x′)
x− x′ ψ(x′),

in which ψ(x) = ⟨x|ψ⟩ is the state |ψ⟩ in the position basis.

Expanding ψ(x′) =
∑∞

n=0
(x′−x)n

n!
dnψ(x)
dxn , we have:

⟨x| p̂ |ψ⟩ =
∞∑
n=0

i

n!

∫
dx′

δ(x− x′)
x− x′ (x′ − x)ndnψ(x)

dx′n
.(2.66)
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The integration then gives 0 for all but the n = 1 term (note that
∫
δx
x = 0). We therefore

have:

(2.67) ⟨x| p̂ |ψ⟩ = −idψ(x)
dx

= −id ⟨x|ψ⟩
dx

.

We now set |ψ⟩ = |p⟩:

(2.68) ⟨x| p̂ |p⟩ = p ⟨x|p⟩ = −id ⟨x|p⟩
dx

,

which is a differential equation with the solution:

(2.69) ⟨x|p⟩ = 1√
2π

eipx,

with the normalisation condition to ensure ⟨p|p′⟩ = δ(p− p′). (Useful delta function identity:
1
2π

∫∞
−∞ e−ik(x−y)dk = δ(x− y). Show this by inserting

∫
dx |x⟩⟨x|.)

We then follow the description in [135] for the intuition of the Wigner function. Consider:

∫ 〈
ψ
∣∣∣x+

q

2

〉〈
x+

q

2

∣∣∣p〉〈p∣∣∣x− q

2

〉〈
x− q

2

∣∣∣ψ〉 dq = 1

2π

∫ 〈
ψ
∣∣∣x+

q

2

〉〈
x− q

2

∣∣∣ψ〉 eipqdq
=

1

2π

∫
ψ∗
(
x+

q

2

)
ψ
(
x− q

2

)
eipqdq.

(2.70)

We can understand this to be all of the possible trajectories (from position x− q
2 to x+ q

2 ) of a

particle through point x with momentum p.

It is also straightforward to check that it is symmetric to write in terms of x or p, and that

it satisfies the marginals property Eq. 2.62, using 1
2π

∫∞
−∞ e−ik(x−y)dk = δ(x− y).

We note that there exist several different conventions for the definition of important

functions and variables in phase space quantum optics; in particular, different conventions

are used in the papers in which we report the results described in this thesis. Therefore a

table is given in Appendix Section A for comparison.

If the Wigner function is fully positive, this is analogous to a classical probability distribu-

tion, particularly considering the expectation values:

⟨x⟩ =
x

xW (x, p)dxdp

⟨p⟩ =
x

pW (x, p)dxdp.
(2.71)

This description does not fully capture quantum interference – in fact, the Wigner function

can take negative values, meaning it is better described as a quasiprobability distribution.

Interestingly, with sufficiently coarse graining, these negative regions disappear, which aligns

with regaining classical behaviour in the limit of large distances.

We can compare the Wigner function with the Liouville density, a probability distribution

which represents the probability of a classical particle to have a certain position or momen-

tum. Due to the uncertainty principle, it is not possible to construct a probability distribution
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for a quantum particle that has the same interpretation. The Wigner function is similar, but

the negative values show it cannot be used as a probability distribution. However, this is not

always the case – in particular, a fully-positive Wigner function corresponds to a Gaussian

state, which we will consider further in the next section.

In this statement of the Wigner function, despite there not being a clear physical meaning,

the input parameters x, p correspond to intuitive physical parameters of the x̂ and p̂ expec-

tation values. We now use an alternative set of parameters ξ = (ξp,1, ..., ξp,m, ξx,1, ..., ξxm)
T ,

which do not have the same physical meaning but, as we will see, will lead to a useful

description of photonic states in terms of more natural operators.

We can write:

(2.72) Wρ(x,p) =
1

(2π)2m

∫
d2mξXρ(ξ) exp

(
iξTΩ(x,p)T

)
,

where we have introduced the parameters ξ = (ξp,1, ..., ξp,m, ξx,1, ..., ξx,m)
T = (ξTp , ξ

T
x ), and

the characteristic equation:

Xρ(ξ) =
∫

dmq

〈
q− ξp

2

∣∣∣∣ ρ ∣∣∣∣q+
ξp
2

〉
eiξp·q

= Tr
[
ρD̂(ξ)

]
,

(2.73)

where D̂ is the displacement operator:

D̂(ξ) = exp
(
ir̂TΩξ

)
.(2.74)

This may seem to have come from nowhere, but the individual steps can be proven

without too much difficulty. We will present it here in the single-mode case for simplicity. As

before, this description mostly follows the notes of [134], but there is similar information in,

e.g. [132].

Firstly, use the Baker-Campbell-Hausdorff formula to write D̂(ξ) = e−iξxξp/2eiξxx̂e−iξpp̂.

We then start with the second line of Eq. 2.73, Tr
(
ρD̂(ξ)

)
=
∫
dx ⟨x| ρ |x⟩, and we show that

it is equal to the first line by using the identity e−iyp̂ |x⟩ = |x+ y⟩ (which can be proven also

using the BCH formulas on eiyp̂x̂e−iyp̂).

We then substitute this into Eq. 2.72 and use the delta function identity from before, as

well as a change of basis, to get back to our previous statement of the Wigner function.

The bigger question is why introduce this – however, we now have a nice representation

of states in terms of the expectations value of the displacement operator, which as we will

see, allows us to write things in terms of the ladder operators, as we are used to doing. This is

nice because it contains the simplicity of the Gaussian representation but also gives us the

chance to work out important functions when translating to discrete variables, e.g. for PNR

measurements.
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Alternatively, we can make a change of variables and consider the complex vector α =
1√
2
(ξp + iξx), so:

(2.75) D̂(α) = exp
(
α · â† −α∗ · â

)
.

The displacement operator acts on the vacuum to give a coherent state, D̂(α) |vac⟩ = |α⟩,
which we can once again show using BCH formulae. Thus far we have been discussing the

behaviour of individual photons, which are of primary interest to quantum opticians. These

are Fock states, which have a well-defined photon number at the expense of maximum

uncertainty in phase. A coherent state is the opposite. It is the eigenstate of â: â |α⟩ = α |α⟩,
and the eigenvalue α = |α|eiθ defines a specific phase, θ. It can be written as a superposition

of Fock states:

(2.76) |α⟩ = e−|α|2/2
∞∑
n=0

αn√
n!
|n⟩ .

The coherent states form an overcomplete (normalised but not orthogonal) basis for the

Hilbert space, and will be particularly useful if we want to write operators as a function of the

ladder operators.

The name coherent state follows from the quality of minimum uncertainty in phase, from

the idea of it being emitted by many sources in phase, although this is not necessarily the

best description.

The characteristic function can be generalised to any operator:

(2.77) XÔ(α) = Tr
[
D̂(α)Ô

]
.

We can write any operator as a polynomial function in terms of creation and annihilation

operators: Ô = f(â, â†). This can be written in several different ways:

• Normal ordering: Ô(N) is expressed as a sum of terms of the form (â†)j(â)k.

• Anti-normal ordering: Ô(A) is expressed as a sum of terms of the form (â)j(â†)k.

• Symmetric ordering: Ô(S) is expressed as the normalised sum of all possible orderings

of j â and k â†, and is therefore symmetric under the exchange of â and â†.

These are equivalent ways of writing the same operator, and it is possible to convert between

them using the commutation relations. Operators do not have to be written in these forms,

but it is always possible to convert an operator into these forms.

By using the Baker-Campbell-Hausdorff formulas, we can write D̂(α) = eαâ
†
e−α

∗âe−|α|2/2 =

e−α
∗âeαâ

†
e+|α|2/2, giving the normal-ordered and anti-normal-ordered forms, respectively.

We define the s-ordered characteristic function:

(2.78) χρ,s(α) = Tr
[
D̂(α)ρ

]
es|α|2/2.
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For a function Ô = â†mân, these lead to the relationships:

⟨Ô(N)⟩ =
(
∂

∂α

)m(
− ∂

∂α∗

)n
χ1(α)

∣∣∣∣
α=0

(2.79)

⟨Ô(S)⟩ =
(
∂

∂α

)m(
− ∂

∂α∗

)n
χ0(α)

∣∣∣∣
α=0

(2.80)

⟨Ô(A)⟩ =
(
∂

∂α

)m(
− ∂

∂α∗

)n
χ−1(α)

∣∣∣∣
α=0

.(2.81)

Therefore, we introduce the more general class of s-ordered quasiprobability distribu-

tions:

(2.82) Ws(α) =
1

π2m

∫
d2mβe(α·β∗−α∗·β)χs(β),

noting that the Wigner function in the complex basis corresponds to W0.

We can now introduce some related quasiprobability distributions. First, let us consider:

⟨Ô⟩ = Tr
[
Ôρ
]

=
1

(π)m

∫
d2mα ⟨α| ρ |α⟩ f (A)(α)

=

∫
d2mαQρ(α)f (A)(α),

(2.83)

where f (A)(α) is found from the anti-normally-ordered polynomial f(â, â†) by replacing âi
with αi and â†i with α∗

i . The introduction of this function isn’t arbitrary – it relates to the

optical equivalence theorem, which relates expectation values in the Hilbert space with

expectation values in a particular quasi-probability distribution. The coefficient of 1/π is

necessary to account for the overcompleteness of coherent states as a basis.

We have introduced the Q-function:

Qρ(α) =
1

πm
⟨α| ρ |α⟩

=W−1(α)
(2.84)

using the relationships in Eq. 2.78. The (Husimi) Q-function is not negative, nonetheless it

is still a quasiprobability distribution and not a valid probability distribution, as different

coherent states are non-orthogonal.

We can also introduce the P-function:

(2.85) Pρ(α) =W1(α),

where:

(2.86) ρ =

∫
d2mαP (α) |α⟩⟨α| .
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Proving these forms of the P- and Q-function is more involved, and is described in e.g. [132].

We use some textbook results about the overlap of coherent states, but more important, the

Fourier-Weyl transform, which is yet another way of expressing states in the coherent basis.

For projector P̂ of a POVM, we have:

Tr
[
ρP̂
]
= Tr

[
ρ̂

∫
d2mαPP̂ (α) |α⟩⟨α|

]
=

∫
d2mαPP̂ (α) ⟨α| ρ |α⟩

= πm
∫

d2mαPP̂ (α)Qρ(α),

(2.87)

which we can use to find the probabilities of certain outcomes.

We can understand the P-function and Q-function as playing different roles in calculating

measurement probabilities, based their relationship to different orderings. Normal ordering

is useful for describing the operator that we want to measure, and we write the state in

anti-normal ordering to ‘balance’ this (resulting from the optical equivalence theorem). This

motivates all this rewriting – we can utilise the properties of different functions to simplify

our calculations, even though the output may not seem as intuitive as when using the DV

formalism.

2.7.2 Gaussian states

We are particularly interested in the class of states involved in linear optical transformations.

We focus on the class of Gaussian states, which are generated by Hamiltonians that are at

most quadratic in the creation and annihilation operators, as in Eq. 2.32.

A Gaussian function of multiple variables takes the following form:

(2.88) G(x) = C exp

(
−1

2
xTAx+ b · x

)
.

This is the moment generating function; differentiating n times with respect to x and setting

x = 0 gives the n-th moment. The first moment is the expected value and the second moment

is the variance, and a Gaussian distribution is defined entirely by these. It is defined entirely

by the covariance matrix A, showing the variances and covariances between variables, and

the vector of means b. Similarly, we will be considering characteristic functions of the form:

(2.89) χ(ξ) = exp

(
−1

2
(ΩT ξ)TV (ΩT ξ)− i(Ωd)T ξ

)
.

Conventions occasionally differ by a factor of 2, as noted in Appendix A.

These can be fully defined by the first and second moments, the displacement vector

d = ⟨r̂⟩ and the covariance matrix Vij = 1
2⟨{r̂i − di, r̂j − dj , }⟩ respectively (where {·, ·}

represents the anti-commutator). Alternatively, we can use the complex basis, which is
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defined by the operations on the vectors â, â† instead of x̂, p̂, with covariance matrix σ and

displacement vector δ:

δ = Fd(2.90)

σ = FV F †(2.91)

F =
1√
2

(
1 i1

1 −i1

)
.(2.92)

For an m-mode Gaussian state, the covariance matrix is dimension 2m × 2m, and the dis-

placement vector is dimension 2m. The uncertainty relation in Eq. 2.20 requires σ + i
2Ω ≥ 0,

which also means σ must be positive definite. See [132] for further details.

The s-ordered, complex-basis characteristic equation for Gaussian states is:

χs(α) = exp

(
−1

2
(ΩTα)†FσF †(ΩTα)− i(ΩF †δ)†α

)
es|α|2/2

= exp

(
−1

2
α†(ΩF )σ(ΩF )†α+ δ(ΩF )α

)
es|α|2/2

= exp

(
−1

2
α†(ΩF )(σ − s

2
1)(ΩF )†α+ δ(ΩF )α

)
.

(2.93)

Therefore, we can consider the quasiprobability distributions:

Ws(α) =
1

π2m

∫
d2mβe(α·β∗−α∗·β) exp

(
−1

2
β†(ΩF )(σ − s

2
1)(ΩF )†β + δ(ΩF )β

)
=

exp
(
−1

2(δ −α)T (σ − s
21)

−1(δ −α)
)√

det
(
π(σ − s

21)
)(2.94)

which is found using the identity:

(2.95)
∫
R2n

dre−rTAr+rTb =
πn√
det(A)

e
1
4
bTA−1b.

Symplectic transformations, as defined in Eq. 2.58, have the following effect:

(2.96) σ 7→MTσM, δ 7→Mδ

and therefore take Gaussian states to Gaussian states.

Gaussian states, and Gaussian operations (including measurements that project onto

Gaussian states) have positive Wigner functions. Therefore, these behave as classical proba-

bility distributions. They are also classically efficient to simulate [136, 137], and in order to

produce a quantum advantage, non-Gaussian resources (such as non-vacuum Fock states),

either in state preparation or in the measurements performed, must be present (although

this is not sufficient). This can be considered analogous to the Gottesman-Knill theorem,

that Clifford operations alone are efficiently classically simulable. Resource theories are a

field of study that discuss these requirements further.
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2.7.3 Implementation

As shown in Eq. 2.32, we will only be focused on operations in linear optics which are

described by Hamiltonians at most quadratic in the creation and annihilation operators. So

far we have seen displacement, which is generated by the Hamiltonian term (αâ† + α∗â). We

distinguish between passive transformations, which preserve photon number, and active

transformations, like displacement.

Another active transformation that generates photons that we will consider is squeezing.

This is implemented through the operator:

(2.97) Ŝ(ζ) = exp

(
1

2
(ζâ†2 − ζ∗â2)

)
.

When ζ is real, we can see that this is equivalently generated by x̂p̂ (up to a phase).

In comparison to the coherent or Fock states, which minimise the phase or photon num-

ber uncertainty, squeezed states |ζ⟩ = Ŝ(ζ) |vac⟩minimise the uncertainty in the quadratures

x̂ or p̂, or some linear combination, depending on the squeezing angle (given by θ in ζ = reiθ).

Any Gaussian state can then be created by a combination of the active transformations,

squeezing and displacement, acting on the vacuum, followed by passive transformations (a

linear interferometer).

We are now in a situation, similar to that discussed in Section 2.1.1, where we may be

tempted to store information in terms of continuous variables (like analogue computers).

However, as before, the precision, accuracy and – particularly important in quantum comput-

ing – error correction possibilities of the computer are improved by using discrete variables.

On the other hand, if that is the case, it may seem pointless to go beyond the use of Fock

states, which we have already considered. As we will see, there are many advantages to using

the continuous variable (CV) framework – the first of which we will discuss further in the next

chapter, which is that this framework more closely matches the currently used experimental

procedure for generating photons in the lab. We also find that qubit encodings used in

CV quantum computing are more resilient to different types of errors. Error correction is

introduced by adding redundancy into the system; this can be done by using a code that has

each logical qubit represented by multiple physical qubits, but it can also be done by using a

qubit encoding that has some inherent redundancy, such as bosonic codes, which make use

of the CV encoding [138].

For example, qubits can be encoded in the GKP (Gottesman-Kitaev-Preskill) state [139,

140], which are useful in correcting small, continuous displacement errors. There are sev-

eral different (equivalent) ways to define GKP states. Given the real symplectic group in 2

dimensions S =

(
S11 S12

S21 S22

)
, GKP states are the eigenstates of

(2.98) Ŝx = ei(2
√
π)(S11x̂+S21p̂),
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(2.99) Ŝp = ei(2
√
π)(S12x̂+S22p̂).

Alternatively they can be described as the simultaneous +1 eigenstates of D̂(2α) and D̂(2β),

where

(2.100) βα∗ − β∗α = iπ.

These represent idealised GKP states, which are not physically realisable as they have

infinite energy. Instead, some approximation is required, which imparts some inherent

error to the system. Additionally, the other difficulty of preparing GKP states is that their

preparation requires non-Gaussian resources.

In this thesis, we will not be using a qubit encoding of CV states, but instead directly

dealing with the covariance matrices and displacement vectors, where the only non-Gaussian

resource is the final measurement. As we will see, this is an experimentally accessible

framework, and we are interested in what can be achieved using this.

2.8 Gaussian boson sampling

Let’s return to boson sampling, our problem of interest. Realistically, the generation of

quantum states of light can be done in many different ways, but a useful and easily accessible

way of doing this uses spontaneous parametric down conversion (SPDC) [141], e.g. using the

nonlinear optical properties of silicon. This produces photon pairs non-deterministically,

so the presence of a single photon is heralded by the detection of its partner. On the other

hand, if each source has some probability p of producing a single photon, producing n single

photons in this way scales as pn and is therefore exponentially difficult, and is a major barrier

to the implementation of boson sampling.

Therefore, a variation known as scattershot boson sampling was proposed [142, 143].

Several different spontaneous sources are simultaneously pumped, with the photons in each

pair entering separate modes. One set of modes are measured to herald the presence of

photons in the other set of modes, which then enter an interferometer, implementing boson

sampling with a random input state.

What happens if we instead input a Gaussian state into a boson sampling setup (i.e. a

passive linear interferometer, followed by PNR measurements)? This was proposed in [144]

and further explored in [145]. We also note helpful descriptions in [81, 132, 146–148].

We first use state generation with squeezing and displacement operations on the vacuum,

followed by a passive linear interferometer. Until the measurement stage, this uses only Gaus-

sian operations, so is entirely simulable – we can consider this formalism to be equivalent to

preparing a Gaussian state, described by σ and δ, followed by the measurement stage, which

is where there is the potential for quantum advantage from the non-classically-simulable

step, as shown in Fig. 2.7. The original proposal suggests that displacement is zero, but for
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full generality, let us consider the outcome statistics of making PNR measurements on an

arbitrary Gaussian state.

Linear
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Figure 2.7: Comparison between the boson sampling (left) framework, in which single
photons are input to the interferometer, and the Gaussian boson sampling (right) framework,
in which states are created by squeezing and displacement (in full generality, we can assume
this applies to all states, although in the framework of [144] this need only be some subset
K ≤ m). In BS, it is difficult to simulate the unitary evolution of Fock states (although
outcome probabilities can then be calculated using the Born rule), whereas in GBS, the
difficulty of simulation comes from applying non-Gaussian PNR measurement.

Once again, we are interested in the probability of measurement patterns n, p(n). We can

use Eq. 2.87, so we need to find the P function of the projector |n⟩⟨n|, using Eq. 2.82:

(2.101) P|n⟩⟨n|(α) =
m∏
i=1

e|αi|2∂ni
αi
∂ni
α∗
i
δ2(αi).

Therefore we need to do the integral:

p(n) =πm
∫
dαQρ̂(α)P|n⟩⟨n|(α)

=
1

n!
√
|σQ|

∫
dα exp

(
−1

2
(α† − δ)σ−1

Q (α− δ)

) m∏
i=1

e|αi|2∂ni
αi
∂ni
α∗
i
δ2(αi)

=
exp
(
−1

2δ
†σ−1
Q δ

)
n!
√
|σQ|

×
m∏
i=1

∂ni
αi
∂ni
α∗
i
exp

(
−1

2
α†(σ−1

Q − 1)α
)
exp

(
1

2

(
ασ−1

Q δ + δ†σ−1
Q α

))∣∣∣∣∣
α=0

,

(2.102)

where we have introduced σQ = σ + 1/2.

At this point it will be convenient to introduce the A matrix:

(2.103) A =

(
0 1n

1n 0

)
(12n − σ−1

Q ).
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Hence we can rewrite Eq. 2.102 as:

(2.104) p(n) =
exp
(
−1

2δ
†σ−1
Q δ

)
n!
√
|σQ|

m∏
i=1

∂ni
αi
∂ni
α∗
i
exp

(
−1

2
α∗Aα

)
exp(γα)

∣∣∣∣∣∣
α=0

,

where we have also introduced the (row) vector γ = δ†σ−1
Q .

We now need to perform the derivatives. Once again we will find it useful to define new

matrices and vectors, where An indicates that the columns and rows have been repeated

according to n, and γn indicates that the element i and i + m of γ have been repeated

according to ni. Hence we can rewrite Eq. 2.104 as:

(2.105) p(n) =
exp
(
−1

2δ
†σ−1
Q δ

)
n!
√
|σQ|

2n∏
i=1

∂αi exp

(
−1

2
α∗

nAnαn + γnαn

)∣∣∣∣∣∣
α=0

where i now runs over all the photons in the measurement outcome.

In order to carry out the derivatives we can apply Faà di Bruno’s formula [149]:

(2.106)
n∏
i=1

∂xi exp(y) = exp(y)
∑
π

∏
B∈π

∏
j∈B

∂xj

 y,

in which π runs over all partitions of the set of {xi}, with B being one subset of a partition.

For example, π ∋ (12)(34), B ∋ (12). We see that the surviving terms are only partitions of

the indices into pairs and single terms, where the pair terms contribute Ai,j and single terms

contribute γi.

First let us consider the case in which γ = 0, and hence only the pair terms contribute. In

that case we are left with the hafnian function:

(2.107) haf(A) =
∑
µ∈M

 |S|∏
k=1

Aµ2k−1,µ2k

 .

If the displacement vector is non-zero, the output probabilities of GBS when the sources

include displacements, as well as squeezing, are given by:

(2.108) p(n) =
e−

1
2
δ†σ−1

Q δ

n1! ...nm!
√
|σQ|

lhaf (filldiag(An, γn)) ,

in which filldiag(X,v) replaces the diagonal elements of the matrix X with the elements of

the vector v. We have also introduced the loop hafnian:

lhaf (filldiag(A, γ)) =haf(A) +
∑

i1,i2,i1 ̸=i2
γi1γi2haf(AS−{i1,i2})

+
∑

i1,i2,i3,i4,i1 ̸=i2 ̸=i3 ̸=i4
γi1γi2γi3γi4haf(AS−{i1,i2,i3,i4}) + ...+

M∏
i

γi.

(2.109)
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FIGURE 2.8. An example 6-vertex graph with loops.

Note that S − {i1, i2} is the set of modes in which photons were measured except j1 and j2.

For a graph G that contains loops – edges that connect a vertex to itself, which occupy the

diagonal elements of the adjacency matrix – this is:

(2.110) lhaf(G) =
∑

M∈SPM(G)

∏
(i,j)∈M

G(i,j),

in which SPM(G) is the set of perfect matchings that permit matching a vertex to itself -

equivalently, a set of edges in the graph such that each vertex is connected to exactly one

edge (assuming that a loop connects to a vertex once). Fig. 2.8 shows a graph with loops, and

the perfect matchings are shown in Fig. 2.9.

If the state is pure, thenA = B∗⊕B. We can then describe the probabilities in Eq. 2.108 in

terms of theB matrix, noting that haf(A) = |haf(B)|2. It is also useful to note thatA = URUT ,

where U describes the interferometer and R described the initial squeezing. This provides

further intuition behind the use of the hafnian: roughly speaking, the permanent is used in

BS to find the different ways that input patterns can lead to output patterns, whereas the

hafnian in GBS is used to connect pairs of photons that are created by the same sources (as

squeezing generates photons in pairs). This ‘retrodictive’ intuition is explored further in [81],

and is the basis for the algorithm in [150].

Let’s consider a bit more where the A matrix comes from. We can see where the relation-

ship A = URUT = X(1− σ−1
Q ) comes from (largely based on the description in [81]). We’ll

ignore displacement, so the covariance matrix will look like:

(2.111) MUMSσvacM
†
SMU .

The inverse of this (see [81] for further details) is:

(2.112) σ−1
Q =

(
1 −URUT

−U∗R∗U † 1

)
.
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FIGURE 2.9. The perfect matchings of a graph with loops.

This form may still be somewhat unintuitive. Firstly, we would like to use normally-

ordered expressions of the creation and annihilation operators. By the optical equivalence

form, this means we want to consider the expression of the state in terms of the anti-normally

ordered quasiprobability distribution, so we work with σQ. The form 1− σ−1
Q comes from the

relationship between the characteristic function and the quasiprobability distribution (using

the inverse is the same case when considering a multivariate normal distribution, although

the identity comes from commutation relations). Finally, the permutation matrix X is useful

because it allows us to take the complex conjugate of one side.
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Instead of using PNR detectors, we can use threshold detectors, which do not count

photons in a particular mode but only indicate whether there are any present (which is

indicated by a ‘click’). One method of doing this is using the Torontonian [151], an alternative

matrix function similar to the hafnian. We will consider an alternative method in Section 3.4.2,

which requires us to calculate the probability of measuring the vacuum in a subset of modes,

S. The P function for |vac⟩⟨vac| is simply 1, so Tr[ρ |vac⟩⟨vac|] = π|S|Qρ(0), and

(2.113) pvac(S) =
exp
(
−1

2δ
T (σ−1

Q )Sδ
)

√
det((σQ)S)

,

where the subscript S indicates that we only keep the columns or rows associated with the

elements of S.

The form of Eq. 2.108 motivates the use of the A matrix (and γ vector) in graphical

representations of Gaussian states, and their manipulations [152]. The theory of matchings

on a graph is closely related to the monomer-dimer model [153]. ‘Dimers’ can be placed on

the edges of a weighted graph, so that no vertex has more than one dimer, and any uncovered

vertices remaining are known as monomers. This represents, for example, simple two-atom

molecules being placed on a surface so that the atoms of each molecule are aligned with the

atoms on the surface.

This relationship with graphs leads to several applications. One example is dense sub-

graph finding (and the special case of maximum clique identification), which will be explored

further on in this thesis. Additionally, there are applications in graph similarity and point

processes [154]. A review of GBS applications is given in [155].

A further example of a potential use of GBS is for the simulation of molecular vibronic

spectra [67]. This connection was made, as a proposal for quantum analogue simulation, due

to the appearance of the permanent in the function describing these transitions. However,

since then it has been identified that this is not an example of a use case with a potential for

quantum advantage from GBS, as the way that outcome probabilities are grouped together

can be exploited for efficient classical algorithms [156]. The original work highlights the

possibility of extending the scheme using non-linearities (which would not be accessible

using only Gaussian operations). As well as these applications, where GBS is used to do a

calculation, or as a subroutine to a classical computation, a GBS-type framework can be

used as a method to produce GKP states, which as a CV qubit encoding, form a fundamental

building block of several proposed architectures [157].

Alongside the original proposal of scattershot boson sampling, there have been several

other variations described. Often, it is required to adjust the complexity proof to compensate

for the new scheme. For example, bipartite GBS is a scheme similar to scattershot boson

sampling, but where both the signal and idler branches of the photon pairs created (via

two-mode squeezing) pass through separate interferometers [158]. There is also higher
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dimensional GBS [159], which uses loops of fibre to construct a scheme whereby photon

packets can interfere at regular intervals.

The latter scheme was used in a proposed quantum advantage experiment by Xanadu [160],

with a maximum photon count of 219 photons across 216 modes. This follows the Jiǔzhāng

series of experiments at USTC, beginning with the exciting announcement in 2020 of the first

claimed observation of quantum advantage with GBS (or indeed with photonics) [161], with

76 ‘clicks’ (measurements of one or more photons) across 100 modes, and most recently has

included experiments aimed at solving graph problems [162].

In each of the aforementioned experimental examples, the difficulty of classical simu-

lation (and hence the basis for any claim of quantum advantage) comes from the amount

of time it would take to return the sample with the highest photon count. Comparison to

classical capabilities requires an accurate estimation of how long it would take to solve this

task, which is more complicated than simply estimating how long it would take the best

supercomputer to calculate a single, very large hafnian.

2.9 Simulation, emulation, and approximation

As we have seen previously, there are complexity-theoretic arguments for why (G)BS can-

not be exactly simulated, or approximately simulated, efficiently by a classical computer.

Nonetheless, this deals with asymptotic scaling in an idealistic case, and the interpretation

of ‘quantum advantage’ generally has a more practical view. Therefore, we should consider

how the real-world competition between classical and quantum computers plays out, given

the advantages and disadvantages of either method; this view will be the main focus of this

thesis.

For an arbitrary complex matrix, the state-of-the-art exact hafnian calculation method

is from [163], which runs in time O(n32n/2), and can be generalised to loop hafnians. In the

case of the permanent, the fastest known algorithm is due to Ryser, and runs in timeO(n2n−1)

[164, 165].

On the other hand, there are special cases in which calculation, or approximation, is more

efficient, by utilising the structure of the underlying graph or matrix [166]. In the case of a

matrix that only has real, nonnegative entries, there is an efficient method for approximating

the permanent [167]. As introduced in [168] and discussed further in [169], it is possible to

use an approximation of the permanent to estimate the Hafnian of the same matrix, however

the error of this scales exponentially, and thus it is still an open question whether the Hafnian

of a nonnegative valued matrix can be approximated efficiently using a fully polynomial-

time approximation scheme (FPTAS), where the complexity is polynomial in both n and

1/ε, although this is widely thought to be possible. A further useful summary, and more

information on these algorithms, is given at [170].

65



CHAPTER 2. BACKGROUND

When the underlying matrix describing the (G)BS experiment is nonnegative valued, this

is generally understood to correspond to lack of quantum interference effects, related to

the positivity/negativity of the Wigner function, and so we would expect the experiment

to be efficiently classically simulable. This is utilised by the algorithm in [150], which can

efficiently sample from the distribution weighted by the Hafnian of submatrices (although

not the Hafnian squared, which would be the case for a GBS device).

Nonetheless, as discussed previously, a (G)BS device does not itself efficiently calculate

permanents (Hafnians), as an exponential number of samples would be required to estimate

a particular outcome probability. Therefore, we instead consider the challenge of drawing a

sample from the ground truth.

We define additive error when considering the approximation with error ε, i.e. ∥p−q∥TV≤
ε, where ε is fixed (although there may be some dependence on ε in the complexity of the

algorithm). We will also consider multiplicative error, where for each individual probability

px, cp(x) ≤ q(x) ≤ p(x)/c (we assume c ≤ 1), and additive error, |p(x)− q(x)|≤ ε.

It is not always clear how to classically draw a single sample from a target distribution. A

naive method is to calculate the probability of all possible outcomes, and then roll a weighted

die, however this generally involves the calculation of an exponential number of probabilities,

all of which may themselves be difficult to compute. Therefore, we require sampling methods

that do not need knowledge of the entire distribution. A more complete (and pedagogically

valuable) introduction to sampling schemes for GBS can be found in [81].

The standard method for simulating GBS comes from the chain rule method of Clifford

and Clifford [171], originally proposed for simulating standard boson sampling, which can

be adapted for GBS [148, 172]. This method considers mode by mode, and requires the

calculation of marginal probabilities - that is, the probability of measuring ni photons in

mode i, given a fixed measurement pattern in the preceding i− 1 modes, and regardless of

the possible measurement outcomes in the remaining modes. As the number of photons

‘measured’ in previous modes increases, finding the probability needed to weight later modes

involves finding larger and larger hafnians, which is why samples with more photons take

longer to be returned by a classical computer. Overall, the complexity of sampling n photons

inmmodes isO(mn32n/2), whereas the complexity of calculating an individual n×n hafnian

scales as O(n32n/2) [163].

Alongside the methods that can utilise the underlying mathematical structure of the

problem, we must consider the adaptations made to the experimental set up that may

deviate from the ideal situation described. For example, threshold detectors are often used

instead of PNR detectors, which can identify whether or not photons are present at the

output of a mode, but cannot distinguish how many. For GBS, the Torontonian should be

used in place of the hafnian, and for Fock state boson sampling with threshold detectors, it

should be the Bristolian [133, 173]. A table comparing the algorithm efficiencies for different
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matrix functions is given in [81]. Furthermore, recent work suggests that quantum advantage

can still be achieved using a BS scheme where the number of modes scales linearly with

the number of photons [126], where the hiding and collisionless properties do not apply,

but providing evidence that average-case hardness of permanents for these matrices holds

anyway.

Quantum advantage is not likely to be a single demonstration by a quantum computer of

a task that is impossible for classical computers. By definition, a finite size experiment will

not be able to prove the asymptotic advantage of quantum devices, and therefore we are now

in an exciting era where the best quantum advantage experiments and the state-of-the-art

classical algorithms are competing to demonstrate computational power. By exploiting

errors or unwanted structure in the experiment, classical simulation methods that scale

exponentially can still ‘spoof’ (give outcomes that are recognised as having better accuracy

to the ground truth by some verification scheme) the outcomes of large experiments within a

feasible amount of time, such as in [172]. Nonetheless, these methods would quickly become

infeasible for larger system sizes.

Alternatively, it may be the case that efficiently simulable models are sufficiently accurate

explanations of the results produced by the experiments. This is usually the case when there

is a high level of error in the implementation, meaning that a classical model can spoof the

data produced. There has been a great deal of work done in finding how much error can be

tolerated before the experiment becomes susceptible to simulation. In particular, phase-

space methods have been used to show the threshold of loss that means a thermal state, which

can be sampled from efficiently [174], provides a multiplicative-error approximation [175].

Similarly, squashed states (squeezed thermal states) are particularly useful when there is

a high incidence of collisions [176]. In these cases, scaling up the experiment would not

be particularly helpful, as the spoofing method scales polynomially. However, there is a

limit to the precision with which they can be used to model the quantum behaviour of the

experiment. Therefore, reducing the error of the experiment is required to circumvent these

classical simulation methods.

A recent paper using tensor network simulation methods to simulate large-scale GBS ex-

periments addresses these shortcomings of previous spoofing methods [177]. This technique

is able to separate the state into the ‘classical part’, which can be simulated efficiently, and

the ‘quantum part’ (using the Williamson decomposition described in Section 5.6.1). Due to

errors (chiefly losses) in the experiment, the ratio of photons produced from the simulation

of the quantum system to the photons from the classical system is sufficiently small that the

simulation is feasible for a classical computer, and it grows slowly as the number of modes

increases (assuming the loss rate stays high). Furthermore, the precision of the inefficient

quantum part can be increased with increased run time, so decreasing error rates does not

immediately invalidate the simulation method. At the time of writing, this result represents
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the latest, and most intimidating, opponent to quantum advantage using photonics.

Much of this thesis deals with the ways in which modifications to, or errors in, implemen-

tations of GBS affect their usefulness. GBS may not be the end point of photonic quantum

computing, but it is an important stepping stone, and it is interesting to understand how to

make best use of the quantum tools currently at our disposal.
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3
Effect of photonic errors on quantum-enhanced dense subgraph

finding

It was full of ants. They scuttled along the tubing and through

complex little spirals in their thousands.

... Ponder sighed, ‘we think it might be able to do other things.’

‘Like what?’ Ridcully demanded.

‘Er, that’s what we’re trying to find out ...’

... ‘Well, we think it might be able to do quite complicated maths. If

we can get enough bugs in it.’

Terry Pratchett, Soul Music

3.1 Preface

The emulator used to produce the data presented in this chapter is available at https:

//gitlab.com/dualityqp/qgot_public/ (further details and links are given throughout the

chapter).

The results of this chapter are published in Physical Review Applied: N. R. Solomons, O.

F. Thomas and D. P. S. McCutcheon, Effect of photonic errors on quantum enhanced dense-

subgraph finding Phys. Rev. Applied 20, 054043 — Published 21 November 2023, [1]. A poster

describing this work is available on the Paraty 2023 website, and my talk from QCTiP 2023 is

available on their YouTube channel.

Statement of work: This work was supervised by Dara P. S. McCutcheon, and used an

emulator originally built by Oliver F. Thomas, which was maintained and improved by O.F.T.
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and N.R.S. while being employed by Duality Quantum Photonics (including adding additional

modules to create the data presented in this chapter).

N.R.S. carried out the majority of data collection and analysis presented in this chap-

ter. O.F.T. and N.R.S. wrote the code to produce the data and D.P.S.M., O.F.T. and N.R.S.

all contributed to interpreting the results. The emulator is based on methods published

in [178], described in Section 3.4, and D.P.S.M. derived the expression for the optimal scaling

parameter that is described in Section 3.4.3. Section 3.3 is a background section that reviews

existing results and is not original work.

Acknowledgements: I am indebted to Oli for his support and contribution throughout

this work, and in particular his patience in teaching me how to use the emulator. This work

was carried out in collaboration with Duality Quantum Photonics, where Dara and Oli were

both employees while working on this project, and where I was employed part time. Many

thanks to everyone at DQP who gave their input to this work, and also for the use of their

computing services, without which we would have struggled to collect all the necessary data.

I would also like to thank John Scott for useful discussions in constructing the emulator,

and Ryan Mann for helpful discussions regarding computational complexity. Thank you to

Patrick Yard for his comments on the paper that improved the presentation of this work, and

Anthony Laing for useful discussions throughout the project.

3.2 Introduction

Gaussian boson sampling is interesting within quantum computing, as a framework for

describing the power of quantum optics, and as a method for reaching the milestone (or,

more accurately, the era) of quantum advantage. However, it has been more difficult to find

use cases. The goal is to capture the asymptotic quantum advantage described by complexity

theory, and utilise it to provide a benefit of using a quantum system instead of classical

computing, prior to the added challenges of error correction, measurement and feedforward,

or other non-Gaussian operations.

Given that the basic mathematical task of GBS is centered around sampling from Hafnians,

graph theory problems are a major potential use case [155]. In this chapter, we focus on one

of these in particular, dense subgraph finding, as described in [179].

The main goal of this chapter is to use numerical simulations to study how photonic

errors impact the advantage to be gained from using GBS in a realistic implementation of

these protocols, although we do not use experimental data. We consider two main sources of

error. Firstly, the use of spectrally impure photon sources; this was chosen as it is less well-

studied, and as we could use recent results from [178] to simulate this more efficiently, and

therefore gain a new insight into the impact of this form of error. Secondly, we considered the

impact of photon loss, for the opposite reason – it is much more well understood (including
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some similar studies in [180]), as a primary source of error in photonic experiments, as well

as how it impacts the simulability of the sampling from the resulting state, and it is therefore

a useful standard of comparison.

As we will see, our results generally show that GBS is still effective for this application,

even with high levels of error. This gives a promising outlook for the usefulness of earlier

realisations of these devices. However, as we will discuss further, it also calls into question

whether a quantum advantage beyond a polynomial speedup exists for this use case, and we

consider how efficient classical algorithms with a similar performance could be constructed.

In Section 3.3.1, we discuss the graph theory problem of interest, dense subgraph finding,

and in Section 3.3.2, classical algorithms to solve it. In Sections 3.3.3, 3.3.4 and 3.3.5 we con-

sider how GBS can be used for this problem. In Section 3.3.6 we compare the computational

complexity of various methods, and in Section 3.3.7 we briefly review other work on this

topic.

The simulation methods which were used in this study are described in Section 3.4, and

the results of our work are presented in Section 3.5 and discussed in Section 3.6.

3.3 Background

3.3.1 Dense subgraph finding

Given an input graph G, the densest k-subgraph problem (DkS) is defined as the problem of

finding the subgraph of k vertices with the maximum density [181]. This is an NP-hard prob-

lem, as a generalisation of the NP-complete clique decision problem, which asks whether or

not a graph contains a clique (fully connected graph) of a certain size. By finding the densest

subgraph, and checking whether this is a clique, it is possible to solve the clique decision

problem. Checking this only takes polynomial time - hence, if there is a polynomial solution

to the DkS problem, then there is also a polynomial solution to the clique decision problem.

There also exist several variations, such as finding the densest subgraph of arbitrary size,

which admits a polynomial-time solution [182].

Dense subgraph finding has useful applications in many disparate fields, due to the

wide-ranging usefulness of graphs. These include identifying emerging internet communi-

ties [183, 184], important news stories [185], and spam accounts [186] in web services; in

finance, detecting booby traps in CDOs (collateralised debt obligations) [187]; and recog-

nising interesting features of biological networks (which represent, for example, molecular

interactions) [188].

One prominent application is for modelling molecular docking, an important step in

the in silico stage of simulating the behaviour of drugs, which determines how two large

molecules will fit together. This can be solved using the clique-finding problem [189]; as

described in [190], the possible interactions of the two molecules are represented by a vertex-
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weighted graph. The probability of sampling from the right cliques can then be improved

using statistics from GBS. A similar method of searching for the maximum weighted clique

can be used in predicting protein folding [191].

These example uses give an illustration of the relevant ranges of graph and subgraph

size: in 1999, searching through internet pages involved looking at graphs with hundreds

of millions of vertices while searching for subgraphs of 6 vertices, with similar parameters

used in searching databases of tweets for emerging stories in 2012. Identifying protein

complexes in interaction networks involves finding subgraphs of average size 6 from graphs

of approximately 10,000 vertices [192], whereas molecular docking simulations model graphs

with hundreds of vertices, with the optimal orientation represented by a subgraph consisting

of tens of vertices [193]. Therefore, molecular docking stands out as one of the more eligible

problems suitable for applications of GBS, within the regime of quantum advantage, but still

within the realm of what is experimentally viable.

3.3.2 Classical algorithms for dense subgraph finding

As DkS is NP-hard, there are no polynomial time classical algorithms that are guaranteed

to find the densest subgraph for any given graph (although some particular structures of

graphs are efficiently solvable [194]). It has also been shown that there is no polynomial time

approximation scheme (PTAS) for general graphs [195] – this means that, given some error

bound ϵ, there does not exist an algorithm that can produce a subgraph with density that is

within a factor of (1− ϵ) of the optimal density, that has complexity polynomial in n, where

n is the number of vertices in the initial graph. Note that this definition doesn’t place any

restriction on the complexity of the algorithm in ϵ - that is, if the approximation scheme in

polynomial in n but exponential in ϵ in order to find a solution within (1− ϵ) of the optimal

solution, it’s still a PTAS. We can even have n1/ϵ, because this is polynomial in n for a fixed

ϵ. It’s important to note the difference between this and an FPTAS, a fully polynomial time

approximation scheme, that also requires the complexity to be polynomial in 1/ϵ. Hence, not

permitting a PTAS is an even stronger hardness than not permitting an FPTAS (which is what

we were interested in, in the case of (G)BS).

Also, note that we’re using (1− ϵ) here because it’s a maximisation problem – a minimi-

sation problem like the travelling salesman problem would aim to have a solution within a

factor of (1 + ϵ) of the optimum.

Exact approaches are therefore limited in the size of graph that they can tackle, with max-

imum graph sizes between 100 and 200 vertices. Strategies include enumeration algorithms

such as branch-and-bound algorithms1 (see [197] and [198] for reviews).

1Branch-and-bound is a class of algorithms for solving optimisation problems which can admit a near-
quadratic quantum speedup [196].
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Heuristic approaches, which provide solutions which may not be optimal, are more

manageable for larger graph sizes. For example, the algorithm in [181] runs in polynomial

time, and has approximation ratio (the factor by which the final subgraph density differs

from the optimal subgraph density) of O(nδ) for some δ < 1
3 . One popular heuristic strategy

is simulated annealing, a technique for solving optimisation problems (named after the

process of heating and then gradually cooling a material to change its properties) [199]. This

is an approach that starts with a random configuration and applies iterative improvements.

Another algorithm that we will use frequently is the ‘greedy’ algorithm, introduced in [200].

This is a simple algorithm that proceeds by iteratively removing the lowest degree vertex. If

there are several vertices with the same degree, one is chosen randomly from this set - other

than these steps, the algorithm proceeds deterministically. It is explored further in [201] as a

method for calculating the maximum average degree2 across subgraphs of any size, for which

it is 2-optimal, meaning it has an approximation ratio of 2 (here, this is the ratio between

the true value of the highest average degree, and the calculated value). This algorithm is

particularly useful as a benchmark due to its ease of implementation. Many sources cite

[201] as the source of this algorithm, as it contains a more thorough analysis, however this

work itself references [200].

3.3.3 Hafnians and density

One might expect that the perfect matchings and density of a graph are related, which

would be useful in relating GBS to the DkS problem, which is discussed in this section. The

proceeding sections discuss how to use GBS as a basis for solutions to DkS. Using GBS for DkS

is introduced in [179], and the background for the following sections is mostly based on this

work, alongside [202] and [203]. These works give some results describing the speedup that

could be expected in using GBS for DkS (over classical methods), the question which we aim

to consider further in this chapter. The content of these references is as follows: [202] links

graphs and Gaussian states and uses this to sample perfect matchings, [203] introduces the

stochastic algorithms based on GBS, and [179] explores the link between perfect matchings

and density, to show how these sampling algorithms can be used to find dense subgraphs.

As seen in Section 2.8, the outcome probabilities of GBS are calculated using the Hafnian

function:

(3.1) haf(A) =
∑
µ∈M

 |S|∏
k=1

Aµ2k−1,µ2k

 .

2The average degree of a graph is defined as 2|E(G)|/|V (G)|. Note that, for the DkS problem, |V (S)|= k
and hence the average degree is proportional to the density for any size-k subgraph S. However, for the dense
subgraph problem where k is not fixed, this is not the case, and therefore (for example) a clique of size 4 is a
better solution than a clique of size 3.
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Recall thatM is the set of perfect matching partitions of the set of indices S (the different

ways of ‘pairing’ the indices, or every permutation in which µ2k < µ2(k+1) and µ2k < µ2k+1).

As the number of edges increases, it seems intuitively that the number of perfect match-

ings should increase, as there are more ways to match vertices. Despite this, they are not

perfectly correlated - for example, note that if the graph from Fig. 2.1 is modified so that the

{0, 1} edge is deleted, and replaced with an edge at {2, 3}, the density remains the same, but

there is now only 1 possible perfect matching.

In [204], it is shown that (assuming that |E(G)|≥ |V (G)|≥ 2, and that G has an even

number of vertices) the number of perfect matchings in graph G, |M(G)|, is upper bounded

by a function of the number of edges3. For m := |E(G)| and u := |V (G)|/2:

(3.2) |M(G)|≤
(⌊m

u

⌋
!
) u−α

⌊m/u⌋
(⌈m

u

⌉
!
) u

⌈m/u⌉
, α := m− u

⌊m
u

⌋
.

Equality is reached (i.e. graphs with this structure have the most possible perfect matchings

given a certain number of vertices and edges) for graphs that are a disjoint union of complete

bipartite graphs made up of either 2j or 2(j + 1) vertices, for some integer j. Recall that a

bipartite graph is a graph made up of 2 sets of vertices, where every edge connects a vertex

from each set, and there are no edges connecting vertices within sets [112].

A consequence of Eq. 3.2 is that, given a graph with a certain number of vertices and a

certain number of perfect matchings, it is possible to obtain a lower bound for the density of

this graph. Fig. 3.1 shows the maximum number of perfect matchings for a given density, for

graphs of different sizes (using Eq. 3.2).

This alone does not mean that measuring perfect matchings can be used to find high

density graphs (for example, in the DkS problem). Any real graph will have a number of

perfect matchings lying below the lines indicated in Fig. 3.1, and therefore, measuring many

perfect matchings is only possible for high density graphs, although there may be high density

graphs that do not have many perfect matchings which would be overlooked. If there seems

to be very little correlation between perfect matchings and density (so the majority of points

lie below the line), then it may be that measuring a high Hafnian does not correspond to

a dense graph. In [179] there is a numerical study on graphs of size 16 that gives evidence

that the number of perfect matchings and the number of edges in a graph closely follows the

trend of Fig. 3.1. This suggests that by choosing subgraphs with large Hafnians, we are more

likely to find dense subgraphs.

3.3.4 Using GBS to find dense subgraphs

Consider a GBS experiment in the collision-free regime; that is, when using PNR detectors,

all outcomes are either 0 or 1 photon(s). We consider states with δ = 0 (zero displacement).

3It is worth noting that the results in this paper generalise to loop Hafnians.
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FIGURE 3.1. We consider the maximum number of perfect matchings for a given
density for graphs of size 8 (left), 24 (middle) and 100 (right). The number
of edges is chosen to be the even integer closest to the expected value for
each density, then the number of perfect matchings is calculated according
to Eq. 3.2. The ‘staircase’ look of this plot, for smaller graph sizes, comes from
the way we plot the graph - for a particular density, we need to round to the
nearest number of edges for that density. This means there are jumps in the
maximum number of perfect matchings as the number of edges increases by
integer values. Therefore, any graph is guaranteed to occupy the space below
this line – that is, for a given number of perfect matchings, the density can be
lower bounded as shown here.

As seen in Section 2.8, a measurement pattern n using PNR detectors has probability:

(3.3) p(n) =
1

n1! ...nm!
√
|σQ|

haf(An).

In particular, when the input state is pure, the A matrix can be written as A = B∗ ⊕ B, in

which case:

(3.4) p(n) =
1

n1! ...nm!
√
|σQ|
|haf(Bn)|2.

Recall all the notation here: there are m modes, and n is a vector of size m, {n1, n2, ...nm}.
σQ = σ+1 andAn isAwith the rows and columns repeated according to how many photons

we measure in each mode.

Now consider that we construct a Gaussian state such that the B matrix is equal to the

adjacency matrix A of an undirected, unweighted graph G (as introduced in [202]). Note

that in other papers, A and A swap roles. However, as the A matrix is discussed widely in

GBS literature, I chose to keep its meaning here, and useA for the adjacency matrix instead.

Given that n ∈ {0, 1}m, the submatrix of B given by Bn is equivalent to finding the adjacency

matrix of a subgraph of G, in which vertices are selected based on modes in which photons

have been measured.
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Therefore, for each outcome in which the total photon number is k ∈ N, the probability of

this click pattern is proportional to the square of the Hafnian of the selected subgraph. That

is, for an appropriately programmed GBS experiment, the more likely outcomes correspond

to subgraphs with more perfect matchings – which are also likely to be the more dense

subgraphs.

The covariance matrix of this Gaussian state can be found using A = (A ⊕ A) = (X ⊗
1)(1− σ−1

Q ). We invert this to give:

(3.5) σ = (1− (X ⊗ 1)A)−1 − 1/2.

For a graph with n vertices, σ is size 2n× 2n, and thus the relevant GBS experiment hasm = n

modes.

This does not necessarily produce a valid covariance matrix (this can be seen by noticing

that Eq. 3.4 produces probabilities much greater than 1). We introduce a scaling parameter,

c ∈ R, so that A = c(A ⊕ A). Note that, by Eq. 2.39, if the dimension of A is 2n × 2n, then

haf(cA) = cnhaf(A). Therefore, assuming that we are in the k-photon, collision-free subspace,

we find that

(3.6) p(n) =
ck√
|σQ|
|haf(Bn)|2.

The appropriate range of c to give a valid covariance matrix is derived in [202]. This

discussion is reproduced in Appendix Section B for completeness. We find that 0 < c <

1/λmax, where λmax is the maximum eigenvalue of the adjacency matrixA (which is upper

bounded by the number of vertices). Changing c also changes the squeezing value used,

and should therefore be chosen to optimise the probability of drawing samples from the

k-photon subspace. This is discussed further in Section 3.4.3.

Measurements involving collisions, in which multiple photons are present in the same

mode, are typically assumed to be improbable, and often neglected (including in the original

GBS proposal [144]). The probability of collisions depends on the relationship between the

number of modes and the number of photons detected, hence will also depend on c, as

increasing the squeezing will increase the average photon number. This is also discussed

further in Section 3.4.3. If using PNR detectors, these events can be detected and therefore

removed in postselection.

Importantly, the probability of measuring in the k-photon subspace, pk, and the prob-

ability of measuring in the collision-free subspace, pcf , depend on the parameters of your

experiments, but then don’t change between different measurement outcomes. As described

in [179], we can express the outcome probabilities normalised over drawing a sample in the

correct subspace (pk∧cf ):

(3.7) Pk∧cf (n) =
ck√
|σQ|

|haf(Bn)|2
pk∧cf

.

76



3.3. BACKGROUND

Beware of what I believe is an error in [179]: Eq. 2 should say ck and not c2.

3.3.5 Sampling algorithms based on GBS

We now consider algorithms that use the samples taken from the GBS experiments like we

have described, as considered in [179] and [203]. In particular, data from GBS are used to

enhance stochastic algorithms, which use randomness as an essential part of their operation.

Firstly, we consider random sampling. Consider the completely classical DkS algorithm,

Alg. 1. This contains the subroutine Random-subgraph, which chooses a random subset of

size k of the vertices of G, and returns the induced subgraph. The algorithm takes the initial

graph, G, the desired subgraph size, k, and the number of steps, a, as inputs. It then draws a

random subgraphs of size k and keeps the one with the highest density. This is a very simple

algorithm. After giving the inputs, we start by randomly choosing a subgraph, which we call

‘Best’. This is our best subgraph so far, as it is the only one chosen. As we have completed our

first step, we reduce a by 1. a will act as the counter for the number of steps remaining - it

starts with the total number of steps we would like to do, and it is reduced by 1 every time

we do an iteration. For each iteration, we pick a random subgraph which we call S, and if

the density of S is higher than the density of Best, our best subgraph so far, we replace Best

with S. Note that we could not include the first step in this while loop, because we did not

start with a best subgraph to compare to. Once we finish all the steps, we return our best

subgraph.

Algorithm 1 Classical random sampling for DkS.
G: input graph of size n (can be given by an adjacency matrix,A)
k ∈ N, k ≤ n: required subgraph size
a ∈ N: number of steps
Best = Random-subgraph(G, k)
a← a− 1
while a ̸= 0 do

S = Random-subgraph(G, k)
if D(S) > D(Best) then

Best← S
end if
a← a− 1

end while
return Best

There are
(
n
k

)
= n!

k!(n−k)! possible subgraphs, therefore the likelihood of selecting the

densest subgraph at random is low (particularly if there is only one that fulfills the maximum

density, or very few). Nonetheless, this is simple to implement, and therefore it is useful to

see how GBS performs in comparison to another, more naïve, sampling-based algorithm.
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We can now consider an improved version that uses proportional sampling to return

subgraphs with a probability that is proportional to the probability that the relevant measure-

ment pattern would be given as an output to an appropriately programmed GBS device. We

replace the Random-subgraph subroutine with GBS-Explore, based on the same subroutine

as introduced in [203], which returns subgraphs according to the probability distribution

defined by Eq. 3.4 (note that this subroutine takes as input c, G, and k, from which the appro-

priate B and σQ matrices can be constructed, and returns a subgraph chosen according to

the set of modes in which photons are measured). This could be implemented by performing

the appropriate GBS experiment, or simulating it. Depending on the number of samples

drawn (a) and the size of the graph, classical simulations are likely to have lower overheads

when drawing samples shot by shot, instead of calculating the entire probability distribution

before sampling.

The second algorithm considered is simulated annealing, from [179]. Simulated anneal-

ing is a commonly used technique for optimisation problems. It is named after a technique

that involves heating and cooling a metal to change its crystalline structure. As well as the

subroutine GBS-Explore, simulated annealing requires GBS-Tweak. Note that there is a differ-

ent GBS-Tweak subroutine given in the sister paper, [203]. This takes as input a subgraph S,

as well as the parameter l (the minimum number of vertices of S to be left unchanged), (note

that this has to be even so that we can sample it as a GBS outcome) and returns a different

subgraph of the same size. It proceeds as follows:

1. We choose an l-vertex subgraph of S, denoted R, according to the GBS distribution.

(This means drawing samples from the distribution P (n) ∼ |haf(Bn)|2, where we

normalise over the probability of drawing an l-photon, collision-free sample where all

modes are in the set S, and then using these modes as the set of vertices of the subgraph.

An experimental implementation would keep the same setup as was used to choose S,

but postselect on drawing a sample in the correct subspace). In the classical equivalent

simulated annealing algorithm, this is selected from the uniform distribution.

2. We generate a random number m′ ∈ {0, 1, ..., k − l − 1} called m′ instead of m to

distinguish it from the number of edges, m. We choose m′ vertices at random (both in

the classical and quantum-enhanced versions of the algorithm) from S\R (the vertices

of S that are not in R) and add these to R.

3. We draw a sample L, of size k− l−m′, fromG\R according to the GBS distribution4 (or

from the uniform distribution in the classical version).

4. The final graph is the size k subgraph of G given by R ∪ L.

4This is done as before, drawing a sample from the original distribution and postselecting on it having no
collisions, k − l −m′ photons, and there being no overlap with the modes in R.
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Note that our implementation of GBS-Tweak differs slightly from that introduced in [179].

In the originally proposed algorithm, the subgraph L is chosen by drawing a sample of size

k− lmin from the overall graphG, and then deletingm′ vertices at random. If the subgraphsR

and L then have some overlap, this step is repeated. When producing the following data, we

found that the need to repeat this step many times made the computation time prohibitively

long, hence L was drawn directly from the correct subspace. The subroutine retains the

important elements of modifying the initial graph using GBS statistics (as well as a small

amount of classical randomness), and adding vertices that are well connected with each

other. Nonetheless, this modified subroutine may deviate slightly from the results of [179]. It

also has a marginally higher reliance on GBS data instead of classical randomness.

Algorithm 2 Quantum-enhanced simulated annealing for DkS.
G: input graph of size n (can be given by an adjacency matrix,A)
k ∈ N, k ≤ n: required subgraph size
a ∈ N: number of steps
T ∈ R+: initial temperature
l ∈ {0, 2, 4, ..., k − 2}: minimum number of vertices to change in GBS-Tweak
c ∈ (0, 1/λmax)
Tstep = T/a
S = GBS-Explore(G, c, k) ▷ Classical: sample from uniform distribution
Best = S
while a ̸= 0 do

R = GBS-Tweak(S, l, G) ▷ Classical: alternative implementation described previously
if D(R) > D(S) then

S ← R
else

S ← R with probability exp[(D(R)−D(S))/T ]
end if

if D(S) > D(Best) then
Best← S

end if

T ← T − Tstep

a← a− 1
end while
return Best

Alg. 2 presents the simulated annealing algorithm. It starts by selecting a subgraph

S (which may be a GBS-enhanced choice). Each successive step ‘tweaks’ this subgraph,

producing the new subgraph R. If R has a greater density than S, it replaces S – if not, it

still replaces S but with a probability dependent on the ‘temperature’. This temperature is

successively lowered in each step (the amount that it is lowered by is not specified in [179];

we choose this amount so that the temperature decreases to zero, as described in [205]). Like

79



CHAPTER 3. EFFECT OF PHOTONIC ERRORS ON QUANTUM-ENHANCED DENSE
SUBGRAPH FINDING

in the random sampling algorithm, the output is the best subgraph of all of those found in

any step of the algorithm, even though this might not be the subgraph the search ends up on.

Therefore, the algorithm works by using random search or GBS statistics to explore different

subgraphs, and using the ‘hill climbing’ technique to make slight improvements. It avoids

getting stuck in local maxima by sometimes accepting tweaks to the subgraph that slightly

reduce the density.

3.3.6 Complexity considerations

Thus far we have considered the complexity of simulating GBS, and the complexity of the

dense subgraph finding problem. In this section we will consider the complexity of perform-

ing the stochastic algorithms described, and how to evaluate their success at solving the

given problem.

First we consider drawing a sample of a fixed size (k). In the classical case, this amounts

to choosing a subset of size k, which has an expected running time O(k) [206]. In the

quantum case, aside from the difficulty involved in preparing the experiment, (which, by

my understanding, is essentially trivial), collecting samples at the output is constant in the

system size.

We must also consider the complexity of finding the appropriate interferometer settings

with which to programme the GBS device. That is, given an adjacency matrix of an initial

graph, we must find the appropriate covariance matrix (using Eq. 3.5). We then use the

Williamson decomposition to find the interferometer unitary and squeezing parameters,

and the Bloch-Messiah decomposition to find the optical elements to carry out this unitary.

These typically take O(m3) to carry out.

The complexity of deterministic algorithms is determined by the number of steps that

are required to arrive at the result. Stochastic algorithms, like those used in this chapter, do

not necessarily have a well-defined number of steps, and are typically analysed by looking at

the infinite-time convergence, or expected values of the finite-time behaviour [205]. We will

consider some run-time implications of stochastic methods in the following chapter, but for

this chapter we focus on qualitative differences that can be observed with a finite number of

steps.

Finally, we must consider the complexity of simulating GBS. It could be hoped that an

application of GBS such as DkS could be a way of utilising the exponential difficulty of

classical simulation in a useful and relevant quantum algorithm. (Although, given that the

GBS framework would be a component of the larger architecture of a fault tolerant quantum

computer such as that described in [157], and therefore are likely to be developed anyway, a

polynomial advantage may still be worth investigating.) For that to be the case, the quantum-

enhanced algorithms must rely on an appropriate implementation of GBS that cannot be

efficiently simulated.
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In particular, we note that we are concerned with those instances of GBS in which the

A matrix has only real, positive elements (namely, 0 and 1). It is already known that the

permanent of such a matrix can be efficiently approximated [169]. This reference gives an

efficient estimator for the Hafnian, but within a factor that scales subexponentially and

therefore cannot give an FPTAS. At the time of writing, it is not known whether the Hafnian of

a positive-valued matrix can also be efficiently approximated – there is a connection between

between hafnians and permanents [169], and therefore methods to efficiently estimate the

permanent of these matrices can be useful, but we do not call them ‘efficient’ due to the

exponential scaling of the error when used to estimate hafnians.

Importantly, this property is utilised in [150], which notes that, as the matrix is positive-

valued, this suggests that there is no quantum interference occurring. The authors present

an efficient classical algorithm which samples from the Hafnian of An, and therefore can be

used for the DkS problem. This work demonstrates that there is unlikely to be an exponential

quantum advantage from using GBS over their efficient classical sampler. The authors also

independently found similar results to those presented in this chapter regarding the impact

of loss.

We also recall the results presented in Section 2.9. Namely, we expect there to be regimes of

sufficient error in which the experimental results become efficient to approximate classically.

3.3.7 Other work

Alongside the initial proposal for using GBS for DkS, as presented in [155, 179, 203], the same

principle can be applied to a quantum-enhanced algorithm for a closely related problem of

finding the maximum weighted clique [190]. This can be used to predict molecular docking

configurations, which is an important step of drug design.

Some work complementary to the results of this thesis is published in [207]. This includes

further details of the construction of Gaussian states from graphs, and how they change

under the impact of loss and spectral impurity.

There have been several experimental implementations of the protocol. This includes

using the Jiǔzhāng experiment for Max-Haf and DkS [162], which, alongside the work pre-

sented in this chapter and [150], concurrently looked at the impact of loss (using theoretical

studies), and the relative advantage of using GBS with increased problem size (we will be

returning to this paper some more throughout this chapter). The time-bin encoded device

in [208] was used for both molecular docking and protein folding prediction. A time-bin

encoded device was also used for an earlier demonstration of dense subgraph finding [180].

This work also contains a theoretical analysis that considers the performance of the algo-

rithm with loss, in particular considering the effect of changing the squeezing parameter

to compensate for different loss values, noting that increasing the squeezing values leads

to increased susceptibility to loss. We also note ongoing work in this group on the effect of
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displacements for these problems.

Finally, recent work has also considered the possibility of using Fock-state boson sampling

for graph problems [209]. Although the authors found the potential for some quantum speed-

up in the case of the DkS problem, this framework suffers from the fact that in this case, the

outcome probabilities are proportional to the squared permanent of a submatrix with rows

chosen according to the output measurement pattern, but columns chosen according to the

input measurement pattern. Therefore, the submatrix is not guaranteed to correspond to the

adjacency matrix of a subgraph of the input graph.

3.4 Simulation methods

The data presented in this chapter were generated using the quantum Gaussian optics toolkit

QGot, which is open source and available to use [210]. This is a C++ framework which uses the

continuous variable formalism previously described to simulate quantum optics processes5.

Further information, and a more detailed description of the development of the software, is

given in [207]. At the time of writing, it is maintained by Duality Quantum Photonics. There

is also a similar package available, written in Nim6.

The sampling data used in this chapter were produced in the following way. Firstly, we

chose an initial graph size (n = 24), a final graph size (k = 8), and an objective initial density

(either d = 0.2 or d = 0.4). Using these parameters, we produced a random graph using

the Erdős-Rényi model, which creates each potential edge between a pair of vertices with

probability d. As this is probabilistic, it does not produce graphs with density exactly d, and

hence the graphs which were actually used have densities 0.196 and 0.362. Using this graph,

we can find the covariance matrix of the relevant quantum state using Eq. 3.5. This method

is implemented in [210], in the Graph class, as random(int num_vertices, double density,

int seed_in).

3.4.1 Adding noise

In this chapter we consider the effect of two sources of noise - spectral impurity, and loss7. We

assume uniform loss L across all modes, in which case a lossy channel with transmission η =

1−L being applied to the quantum state implements the transformation σ → ησ+ 1
2(1− η)1.

There is an alternative simulation method, by which a variable beamsplitter is applied before

measurements, coupling each mode to a vacuum ancilla mode, which is traced out.

We also want to consider the case in which the sources themselves are spectrally impure,

although we assume that each source is identical (in spectral profile, although not necessarily

5Documentation is available at: https://dualityqp.gitlab.io/qgot_public/index.html.
6Documentation is available at: https://ofthomas.gitlab.io/noptics/.
7We consider these separately, although these sources of error can be combined using the software, and data

related to both sources of error being applied concurrently are available upon request.
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in brightness). In our model, the input to the interferometer is a single-mode squeezing op-

eration on each spatial mode. Nonetheless, these squeezers do not emit photons perfectly at

a particular frequency. The spectral profile of emitted photons is described by the squeezing

Hamiltonian:

(3.8) Ĥ =
x

dω1dω2F (ω1, ω2)â
†(ω1)â

†(ω2) + h.c.

where h.c. indicates the Hermitian conjugate term. Here, F (ω1, ω2) is the joint spectral

amplitude (JSA). This represents the correlation of the two emitted photons, which are

usually referred to as the signal and idler. Here, we assume the sources are not too bright, so

we can simply take the exponentiation of the squeezing operator to first order. If the JSA is

nonseparable, then measurement of one photon collapses the other into a spectrally mixed

state. Therefore, the purity of the sources represents the separability of the JSA. This is found

using the Schmidt decomposition of the JSA [211]:

(3.9) F (ω1, ω2) =
∑
l

λlαl(ω1)βl(ω2)
∗,

where {α} and {β} are sets of orthonormal functions (although not necessarily equal or

internally orthonormal). Normalisation imposes that
∑

l λ
2
l = 1.

The Schmidt decomposition [52] is a way of quantifying the entanglement of a multipar-

tite system. Beware the overlap in terminology here – a ‘pure’ source really means ‘having a

separable JSA’, even though the state may not have any classical uncertainty associated with

a mixed state, and we generally say ‘impure’ instead of ‘mixed’ in our work to avoid further

confusion.

In order to simulate spectral error, we consider adding internal modes into our state.

That is, the n spatial modes of the experiment are computationally relevant, and for each

spatial mode, we consider m spectral modes, meaning that the total covariance matrix is

size 2nm× 2nm. As we are most concerned with errors in the sources, we must decompose

the state into its component linear optical transformations on these sources (as described

in [132, 178, 207, 212]). These are all implemented in the decompositions folder of [210].

We first use the Williamson decomposition8, σ = 1
2M 1̂M

†. This holds for a pure state,

which may be considered a symplectic transformation acting on the vacuum. For a mixed

state, we instead consider the symplectic transformation on a thermal state, as considered

further in Section 5.3.4.

Using the Bloch-Messiah decomposition, this symplectic matrix can be expressed in

terms of the single-mode squeezers that generate the state (S) and the unitary performed by

the interferometer:

(3.10) M = USV †.
8This is another point where it is important to note the difference in notation between this thesis and the

paper [1].

83



CHAPTER 3. EFFECT OF PHOTONIC ERRORS ON QUANTUM-ENHANCED DENSE
SUBGRAPH FINDING

Now we can consider the sources and interferometer separately. We rewrite the unitaries

as U = U ⊗ 1̂m and V† = V † ⊗ 1̂m to include the internal modes. We will also replace S with

S, so that σ = 1
2MM†, whereM = USV†. The matrix S represents a set of squeezers which

act on a single spatial mode, but multiple spectral modes. This process, which includes

the decompositions, is implemented in the function make_spectral_version(State state,

Jsa jsa), in the file circuits/optical_circuits.cpp of [210].

The sources are characterised by finding a suitable JSA, as in Eq. 3.9. We consider fre-

quencies to be discrete. Furthermore, in the simulation, these are simply treated as internal

mode labels (and so this could equally be applied to other degrees of freedom). First it is

necessary to choose a set of basis functions - for integrated optics, these are typically the

Hermite polynomials [93, 213]. We then need to find the Schmidt coefficients λl.

We impose the purity, P :

(3.11)
∑
i

λ4i = P := Tr
[
ρ̂2
]
.

We construct the set of l non-zero Schmidt coefficients to satisfy the normalisation condition

using:

(3.12) {λl,b} = {λ1} ∪ {λi =
√
kl,b(i)(1− λ21)|2 ≤ i ≤ l},

using the values kl,b(i) with
∑

i kl,b(i) = 1. One useful form for kl,b is the geometric scaling:

(3.13) kl,b(i) =
bl−i∑l
j=1 b

j−1
.

This looks a bit confusing because of the factor bl−i on the top instead of bi, but this makes

sure that if there is only 1 Schmidt coefficient it is set to 1.

Using these definitions the purity condition is then:

(3.14)
∑
i

λ4i = λ41 + (kl,b(2))
2(1− λ21)2 + · · ·+ (kl,b(l))

2(1− λ21)2 = P,

which produces a quadratic equation in λ21 which is straightforward to solve. It looks like this:(
1 +

l∑
i=2

(kl,b(i))
2

)
(λ21)

2

− 2

(
l∑

i=2

(kl,b(i))
2

)
(λ21)

+

(
l∑

i=2

(kl,b(i))
2

)
− P = 0 ,

(3.15)

We note that throughout we take the positive roots to keep all λi positive. We can then

substitute λ1 back into Eq. 3.12 to solve for the remaining Schmidt coefficients.
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Due to the choice of the two parameters l and b, there are many distributions of Schmidt

coefficients that generate a source with a particular purity P . The construction described

here does not generate all Schmidt distributions but it can be used to generate a large class

of distributions. Using this method, a JSA with a particular purity can be constructed in [210]

using the class constructor Jsa(int nspec, Purity purity), where nspec is the number of

spectral modes, in the file math-code/symplectic.cpp.

Using this construction, any purity with 1
2 ≤ P ≤ 1 only needs two Schmidt coefficients.

For quantum information processing applications we are typically interested in sources with

purities close to 1, and as such the majority of physically relevant or interesting sources

can be described with two Schmidt modes [214]. Nonetheless, as this doubles the effective

number of modes, you could be worried that this would cause an exponential increase

in the simulation time due to the increased size of the covariance matrix (and the scaling

of the complexity of the hafnian). Including spectral modes that are traced over in the

detection calculations in fact only introduces a cubic overhead, using the simulation method

introduced in [178], which we outline in the following section.

3.4.2 Sampling method

In this chapter, we consider threshold detectors, as these are used most widely experimentally.

These ‘click’ when there are photons in the associated spatial mode, but do not resolve the

spectral mode, or distinguish between different (non-zero) photon numbers. The method

implemented in [210], used in this work, is described in [178, 207].

Let clicks be measured in the subset of spatial modes C (which we label ‘on’), and vacuum

in the spatial modes V (which we label ‘off’). This is equal to:

pon, off(C,V) = Tr

ρ̂∏
i∈C

(1− |vac⟩⟨vac|i)
∏
j∈V
|vac⟩⟨vac|j


=
∑
B∈2C

(−1)|B|poff(B ∪ V),
(3.16)

where B sums over the power sets of C (see [178] for further details). Furthermore (as in

Eq. 2.113):

(3.17) poff(B) = Tr(ρ |vac⟩⟨vac|B) = det
(
1̂/2 + σB

)−1/2
.

As would be expected, Eq. 3.16 has an exponential number of terms. However, each term

given by Eq. 3.17 is efficient to calculate. The number of terms in Eq. 3.16 scales exponentially

in the number of spatial modes in which photons are detected, but independently of the

number of spectral modes we consider, whereas increasing the number of spectral modes

increases the size of the matrices in Eq. 3.17, which induces a cubic overhead (from the

complexity of calculating determinants). This is in comparison to other calculation methods
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(for threshold detection, this would require calculation of the Torontonian [173]), in which

the complexity would scale with the size of the submatrix on which the function is applied,

and therefore considering additional internal modes induces an exponential overhead. We

also note that the size of the matrix in Eq. 3.17 depends on the number of modes but not on

the number of detected photons, which is not true for the PNR case. This advantage is also

shared by the related method for PNR statistics described in [178]. Therefore, although this

is not an efficient simulation scheme – we would not expect it to be given the conjectured

complexity of simulating GBS – we can use it to simulate additional spectral modes more

efficiently than previous methods, without incurring a prohibitive exponential runtime cost.

This sampling method is implemented in [210], in the Quantum_sampling class in the file

sampling/samplers.hpp.

Finally, it is worth noting that this is an example of exact simulation - that is, the difficulty

of these simulations scales exponentially with photon number, but we do not expect an

increase in error. Therefore, although we may be simulating experiments with levels of error

that make them classically simulable, this was not done using efficient (although higher-

error) methods.

3.4.3 Choosing the correct scaling parameter

In the following simulations, we look for samples of a specific size (these are mostly samples

of size k), and discard the others. This introduces an additional overhead in the complexity

of the algorithms, and therefore we wish to choose the optimum scaling parameter c (as

introduced in Section 3.3.4) to increase the proportion of overall samples that have the

correct photon number.

By considering Eq. 3.6, we see that the coefficient ck is the same for every k-vertex sub-

graph (as c is chosen for the initial state and is not changed for each subgraph). Therefore

changing c does not change the relative probability (when considering PNR detectors) of

different subgraphs of the same size, and only the relative probability of different numbers of

vertices. Hence this only changes the results of Section 3.5.3.

For threshold detectors, we can use the marginal probabilities of Gaussian states – that is,

the probability of a particular outcome when just considering a single mode, while tracing

over the possible outcome patterns of all other modes – which are easy to calculate. Therefore,

we can use that the expected number of ‘clicks’ (detectors registering at least one photon

during a measurement) is given by

(3.18) ⟨Ĉ⟩ =
m∑
i=1

1− pi(vac),

where m is the number of modes.

86



3.4. SIMULATION METHODS

We consider a state after loss L, so σ → L1̂/2 + (1 − L)σ. Using Eq. 3.17, the vacuum

probability in mode i, pvac(i) is given by:

pvac(i) =det
(
1̂/2 + σ{i}

)−1/2

=det
(
L1+ (1− L) (1+ (X ⊗ 1)A)−1

{i}

)−1/2

=det

L1+ (1− L)
(
1+ c2AD−1A∗ cAD−1

cD−1A∗ D−1

)
{i}

−1/2

,

(3.19)

where we have introduced D = 1− c2A∗A. Recall that A = cA⊕A (or cA∗ ⊕A for complex

weighted graphs), and that σ{i} indicates the submatrix of σ associated with mode i: σ{i} =(
σii σi,i+m

σi+m,i σi+m,i+m

)
.

As cA = B where B is the B matrix described in Section 2.8, cA = URUT where U

describes the interferometer and R is a diagonal matrix of squeezing values (R = diag(ti)).

Hence,

(3.20) A−1 = cU∗R−1U †

and:

(3.21) D = U∗
(

diag
(

1

1− |ti|2
))

UT ,

hence:

pvac(i) =det

L1+ (1− L)

1+ Udiag
(

|ti|2
1−|ti|2

)
UT Udiag

(
ti

1−|ti|2
)
UT

U∗diag
(

t∗i
1−|ti|2

)
U † U∗

(
diag

(
1

1−|ti|2
))

U †


{i}


−1/2

=det

 1 + (1− L)∑k U
2
ik

(
|ti|2

1−|ti|2
)

L+ (1− L)∑k U
2
ik

(
ti

1−|ti|2
)

L+ (1− L)∑k U
∗2
ik

(
t∗i

1−|ti|2
)

L+ (1− L)∑k U
∗2
ik

(
1

1−|ti|2
)−1/2

=

(∣∣∣∣∑
j

|Uij |2
(
1− L|ti|2
1− |ti|2

)
j

∣∣∣∣2 − (1− L)2
∣∣∣∣∑
j

U2
ij

( |ti|
1− |ti|2

)
j

∣∣∣∣2)−1/2

.

(3.22)

Increasing c means increasing the squeezing parameter, and hence this increases the like-

lihood of collision events, which makes the GBS experiment more simulable [176]. The effect

of squeezing on dense subgraph finding was investigated experimentally and theoretically in

[180].

Further results regarding the probabilities of different photon numbers with different

values of c are presented in [207]. Choosing the ideal scaling parameter (for threshold

detectors) is implemented in [210] as set_optimal_threshold_c.
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3.5 Results

We now present results on dense subgraph finding. In Sections 3.5.1 and 3.5.2, we use 3

different example graphs of n = 24, searching for subgraphs of size k = 8. The first was

generated using the Erdős-Rényi method with ρ = 0.4, producing a graph with initial density

0.362. The densest subgraph has density9 0.714. The second graph was generated using the

Erdős-Rènyi method with ρ = 0.2, producing a graph with initial density 0.196. The densest

subgraph has density 0.536. The third is a modification of the first graph so that it has the

same initial density, but contains a clique.

FIGURE 3.2. The 24-vertex example graphs used to generate data in this chapter.
The top left is denser, the top right is more sparse, and the bottom contains a
clique (a fully connected graph), but is otherwise the same as the top left. The
densest subgraphs are highlighted in purple.

Examples of how to generate these data are given in the file examples/graph_examples.cpp

of [210].

We note that, in comparison to [179], we require significantly fewer samples (by approxi-

mately an order of magnitude). This is likely to be due to the fact that we consider slightly

smaller graphs.

3.5.1 Random sampling with error

We consider the results of the random sampling protocol presented in Alg. 1, with the initial

graphs described above.

In Fig. 3.3, we compare the performance of the classical and quantum-enhanced al-

gorithms. The horizontal axis shows how many subgraphs are drawn from the 8-vertex

9This was found using a brute force search, which is possible at the graph sizes considered here, but quickly
becomes intractable for larger graphs.
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subspace, and the vertical axis represents the density of the densest subgraph found. Each

point is the mean outcome over 1000 repetitions of the algorithm.

In the case of the quantum-enhanced algorithms, we consider GBS in which the quantum

states have suffered the application of a lossy channel, or where the sources are spectrally

impure, using simulation methods described previously. The scaling parameter c was kept

constant when adding error to directly compare the impact of noise.

We also compare the performance of the deterministic classical algorithm described in

Section 3.3.2. Due to the randomness that can be present in this algorithm, there can be

different outcomes - we ran this once, and when there were different options for selecting

subgraphs, we chose the one that appears first when all subgraphs of the same size are

ordered numerically.

As is the case in [179], the quantum-enhanced algorithms noticeably outperform the

classical algorithm, as we would expect. The deterministic classical algorithm is able to find

the clique, but fails to find the densest subgraph in either other case. Similarly to [179], the

average results from the quantum-enhanced algorithm fall short of identifying the densest

subgraph in the first and third case, but are more effective in the second case (where the

initial subgraph has a lower density). However, the most interesting feature of these results

is that the quantum-enhanced algorithm still performs very well, and is significantly more

effective than the classical algorithm, with the presence of high levels of error.

3.5.2 Simulated annealing with error

We consider the results of the simulated annealing protocol presented in Alg. 2, with the same

initial graphs as previously described. We kept the temperature schedule fixed (as described

in Section 3.3.5), selecting the initial temperature as 0.01 (as in [179]), and used l = ⌊k/2⌋.
In Fig. 3.4, we compare the performance of the classical and quantum-enhanced algo-

rithms. The horizontal axis shows the number of steps in the algorithm (i.e. the number of

times that the GBS-Tweak subroutine is run), which is the variable a in Alg. 2. We note that

this is not equivalent to the overall number of samples which must be drawn, and also that

the size of the samples required varies depending on parameters of the algorithm, and can

vary due to the random nature of the algorithms.

As in Section 3.5.1, the vertical axis represents the density of the densest subgraph found,

each point is the mean outcome over 1000 repetitions of the algorithm (although this time

considering Alg. 2), and we consider the impact of loss and spectrally impure sources on the

GBS statistics used in the quantum-enhanced algorithms. We also use the same values of c

for each plot.

These results show a similar pattern to Fig. 3.3, with the quantum-enhanced algorithms

giving a much better result than the classical algorithm, but showing little difference with

high amounts of error.
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FIGURE 3.3. We show the effect of error on the simulated GBS-enhanced random
sampling algorithm, in terms of the final density achieved (y axis) in the graph
output after a certain number of steps of the algorithm (x axis). The left hand
column shows the effect of increasing loss, and the right hand column shows
the effects of using sources with lower spectral purity. The grey horizontal line
shows the density of the graph found by the deterministic classical algorithm
from [200], as a benchmark for comparison. From top to bottom, the rows
represent different starting graphs: with initial density 0.362, initial density
0.196, and the first graph but modified to contain a clique.
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Figure 3.4: As previously, we consider the impact of error on a simulated GBS-enhanced DkS
algorithm, but using simulated annealing. The left hand column shows the effect of increas-
ing loss, and the right hand column shows the effects of using sources with lower spectral
purity. The grey horizontal line shows the density of the graph found by the deterministic
classical algorithm. From top to bottom, the rows represent different starting graphs: with
initial density 0.362, initial density 0.196, and the first graph but modified to contain a clique.

3.5.3 Sampling without postselection

The results of the previous sections use results from GBS statistics where we have postselected

to only use samples that were drawn from the correct (i.e. k-click) subspace. This is not

necessarily an unrealistic reflection of how the algorithms would be used. Given a subgraph
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with a number of vertices close to k, it is easy to make a small change by adding vertices or

removing low-degree vertices. Choosing c well also reduces the probability of this happening.

Nonetheless, in Fig. 3.5 we show the results of the random sampling algorithm (Alg. 1),

applied to the first graph (density 0.362), as presented in Fig. 3.3. The lines representing

classical, uniform sampling are the same, but the quantum-enhanced plots are adjusted

so that each step of the algorithm does not draw samples from the 8-vertex subspace, but

instead we count every sample generated through the GBS simulation. If the number of

clicks in the sample is not equal to k, this is discounted (we count this as drawing a subgraph

with density 0).
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FIGURE 3.5. The effect of error on the GBS-enhanced random sampling algorithm,
but adjusted so that the number of steps includes samples that fail to draw
subgraphs in the 8-vertex subspace. The left hand side shows the effect of
increasing loss, and the right hand side shows the effects of using sources with
lower spectral purity. The grey horizontal line shows the density of the graph
found by the deterministic classical algorithm. We use the initial graph with
density 0.362.

We use a different c parameter for each value of loss, which optimises the expected

photon number (to correspond to 8 clicks). By doing this, we assume that, in an experimental

implementation of this protocol, the experiment would be characterised so that the expected

loss value was known and the squeezing parameter could be adjusted accordingly.

In this case, the advantage to be gained from using the classical-enhanced algorithm is

less significant, although we note that it seems to plateau at a higher value. Once again, the

results are robust to the sources of error considered, even with high levels of loss, as we can

compensate for this by choosing the optimal c value.

One feature in which these results differ from the postselected results comes from consid-

ering the impact of spectrally impure sources, in which the higher-error statistics seem to be

more effective. Given that this pattern is not evident in the postselected case, and that every
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line in this plot uses the same value of c, it suggests that the presence of spectral impurity

increases the chances of drawing outcomes in the 8-click subspace.

It may be particularly relevant in this case that we use threshold detectors. Consider the

‘bosonic birthday paradox’, discussed in [84]. This is the statement that, as long as m≫ n2,

there is a low probability of collisions. We expect this to be the case for classical particles, but

for identical bosons, the proof is more involved, as they are ‘gregarious’, or more likely to end

up in the same state.

3.5.4 Average density of samples

The previous results focused on the effectiveness of the algorithm when considering indi-

vidual examples with particular starting graphs. Although these results show an interesting

pattern, it would now be useful to see whether this continues for a variety of different graphs,

particularly at different sizes.

In Fig. 3.6, we consider the density of samples drawn from graphs of different sizes. For

each initial size (shown on the horizontal axis), we use the Erdős-Rényi model to create a

graph with ρ = 0.4 or ρ = 0.2. We then draw subgraphs of size k, where k is the nearest

integer to
√
n (chosen to align with use cases such as molecular docking), from the uniform

distribution in the classical case, or by simulating GBS from the Gaussian state made from

the graph, in the quantum-enhanced case. We choose c to be optimised to maximise the

probability of drawing samples in the k-click subspace.

We draw 1000 samples and plot the average density over all samples. Note the difference

to the random sampling algorithm - this is not the density of the best subgraph found. As

before, the quantum-enhanced versions are considered in the presence of loss, or with

spectrally impure sources.

We see, once again, the robustness to error of sampling to find dense subgraphs. It also

seems that the improvement of GBS statistics for this task, over the uniform distribution,

decreases as the graph size increases.

We also see that in these results, the GBS statistics with spectrally impure sources perform

generally as well as, or even better than, without error. It may seem contradictory that these

samples give subgraphs with high density on average, and yet they do not outperform the

no-error results in Figs. 3.3 and 3.4. However, we note that the goal of the algorithms is to find

the densest subgraph, and therefore may benefit from different qualities of the distribution.

In particular, the most important aspects of DkS are the height of the peaks corresponding to

the densest subgraphs, and so the probabilities of other graphs make less difference to these

results, but will affect the overall average density.
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FIGURE 3.6. We plot the average density of size
√
n subgraphs from 1000 samples,

from initial graphs of different sizes (x-axis). The initial graphs are randomly
generated, with density approximately 0.4 (left hand side) or 0.2 (right hand
side), and samples are produced from simulated GBS (with error) or from the
uniform distribution (the ‘classical’ distribution). Shaded regions show the
standard deviation in sampled subgraph density for the no-error quantum-
enhanced case, and the classical case. The difference between the quantum-
enhanced and classical results is also shown for ease of comparison.

3.6 Discussion

The goal of this section is to investigate the impact of error on quantum-enhanced DkS

algorithms, and the main feature of these results that is of interest is that the use of GBS for

DkS seems to be robust to the forms of error considered, which is evidenced by little variation

in the density of subgraphs output by simple algorithms, as a function of number of steps.

Naïvely, this is a promising outcome for the use of near-term quantum devices. However, we

further propose that these results could be used as a basis for efficient classical algorithms

which would therefore bypass the need for quantum devices – which aligns with the results

of [150].

As discussed in Section 2.9, high levels of error, including loss, make GBS experiments

more easily classically simulable. The impact of spectrally impure sources is less well un-

derstood, although it decreases the quality of quantum interference [178], and therefore we

would also expect these states to be easily simulable. It approaches the limit of simulating

thermal states, which are also efficient to classically sample from [174].
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Using [175], we can find the loss threshold beyond which it becomes efficient to classically

simulate the experiment. As we increase c, this threshold increases, and as we chose a

different value of c for each simulation with different loss levels, the threshold at which the

experiment would become classically simulable changes. Following this analysis, with loss

of at least 43.7%, the no-error GBS considered here is efficiently classically (approximately)

simulable, which rises to a threshold of 47.3% for our simulation where loss was at 60%.

As such, although the algorithms appear robust to errors, the level of errors we considered

permit efficient classical algorithms to simulate the underlying sampling task with minimal

error. The levels of loss considered in this work are within the region expected for current

large-scale quantum advantage experiments (see, for example, the comparison table in [177]).

Insofar as our results can be generalised, they therefore suggest that, although GBS may be

useful for the task of DkS, even if the experiment has a high level of error, this may challenge

the claim of quantum advantage for this task. An efficient classical algorithm could be

constructed which simulates sampling from the appropriate quantum state, with sufficiently

high levels of error; the preceding results indicate that this would perform similarly to the

GBS-based algorithms initially proposed.

Crucially, this does not contradict the central quantum advantage claim of GBS in general,

nor the hardness of DkS. Efficient classical algorithms that can perform as well (or similarly)

as GBS for this application cannot necessarily sample from the target distribution (i.e. when

considering graph hafnians) as GBS. The algorithms considered in this chapter are stochastic,

and therefore it is difficult to consider their complexity, however they are not exhaustive

searches and do not guarantee to provide a solution to the DkS problem in a fixed amount of

steps. Furthermore, in comparing the effect of different sources of error, we exactly simulated

the high-error states, and did not run the efficient sampling schemes, which may not perform

as well due to the further error they impart.

This work is based on a numerical study of particular examples, and hence is not a

definitive proof against quantum advantage, although the code repository allows for further

study and is available for anyone to use. Nonetheless, the results are consistent within the

cases studied, and show a clear pattern of robustness to error, which we further investigate

in the following chapter. We also note that this supports other research which was carried

out concurrently into the use of GBS for the DkS problem; in [150], they show that, as the

graphs have real, positive weights, it is possible to efficiently classically sample from the

distribution described by haf(S) and therefore there is an efficient classical algorithm which

can recreate the results of the quantum-enhanced DkS algorithms in most cases. Further

work on nonnegative Hafnians show that efficient classical estimators are usually (although

not guaranteed to be) effective [215].

Additionally, we can further analyse the impact of error on the quantum states, and mea-

surement outcome distributions, to understand the source of the robustness. In Fig. 3.7, we
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FIGURE 3.7. The probability (normalised to the 8-mode subspace) of choosing
a particular 8-mode sample using threshold detectors on GBS. The x-axis is
omitted, but is the ordered list of binary strings of Hamming weight 8. The
same initial state is used for both, but the reflected probabilities (appearing
as negative probabilities on the y-axis) correspond to the sample probabilities
with different forms of error on the initial state.

show the probability distribution of different outcomes in GBS experiments (using threshold

detectors), only considering the 8-click subspace, comparing the distributions of the experi-

ment with and without error (for example, on the left-hand graph, a particular position on

the x-axis corresponds to a measurement outcome, with the positive value representing the

probability of that outcome in the no error simulation, and the negative weight representing

the negative of the probability of that outcome in the simulation with 40% loss). It is clear

that the peaks of the distributions are in the same places with and without error, and are still

considerably higher than the rest of the distribution – hence, these experiments can continue

to identify the dense subgraphs correctly within a reasonable number of samples. This gives

an intuition as to the effectiveness of the algorithm with high levels of error, which we will

investigate further in the following chapter.

It is also constructive to consider the Gaussian states used in the algorithm. We consider

the example of the first 24-mode graph considered, with density 0.362. In Fig. 3.8, we plot

the adjacency matrix (upper left) of our 24-mode example graph, and the covariance matrix

(upper right) of the associated Gaussian state.

We then use the Williamson decomposition, followed by the Bloch-Messiah decomposi-

tion, to find the unitary matrix and matrix of single mode squeezers that produce the state,

also shown in Fig. 3.8 (lower left and lower right, respectively).

In particular, it is interesting to note that the sources show one bright squeezer, and many

low-power single-mode squeezers. We found this was also the case with the other example

graphs considered. The similarity of these states to thermal states, and the impact of using

threshold measurements on these states, and for the DkS problem in general, is considered
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FIGURE 3.8. We plot the absolute values of the Gaussian transformation correspond-
ing to our 24-vertex graph with a density of approximately 0.6. From left to
right, top to bottom, we show: the adjacency matrix of the graph, the covari-
ance matrix describing the associated Gaussian state, and the element-wise
absolute values of the linear interferometersU to create the state and the single-
mode squeezer matrix S (arising from the Bloch-Messiah decomposition, as in
Eq. 3.10), which shows the brightness of the sources input to each mode.

further in [207]. This work motivates the use of a thermal state approximation, as this would

capture the important features of the distribution – namely, that the maximal probabilities

should be preserved.

Alongside the possibility of a quantum-inspired efficient classical algorithm based on

simulable, high-error states, there is the possibility that there could be an experimental

advantage using optics, but that there is not necessarily a quantum advantage (but perhaps

an ‘optical’, or ‘analogue’ advantage instead). That is, interference effects by using states

that may not be considered quantum, and are more easily implemented, could give a useful

advantage.
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3.7 Outlook and further work

There are several further directions that work on this problem could take. The program

described in this chapter can be used to collect further numerical data. For example, it

could be useful to look at graphs with a particular structure, beyond the Erdős-Rényi form

considered here, such as those that may be more relevant to certain applications (for example,

in internet networks [216]). Alternatively, we could consider weighted or directed graphs, or

look specifically at clique finding, as this is particularly relevant to molecular docking [190].

We also have not considered the use of a slightly modified protocol that uses mixed Gaussian

states, as described in [202].

If designing a protocol that can be done with ‘classical’ resources, to examine the pos-

sibility of an analogue or optical advantage, a similar study could be carried out using the

appropriate states. As described in [175, 177], it is possible to use semidefinite programming

to find the closest ‘classical’ (non-negative Wigner function) state to a given Gaussian state.

We approach these states (in particular, thermal states) with increasing amounts of loss, so

our work in this chapter suggests they may be a useful resource to consider for this pur-

pose. Other possible states that could be of interest include the squashed states investigated

in [176], or alternatively, encoding data in intensity values (such as in [217]). Furthermore,

given that spectrally impure states seem particularly useful for this application, it may be of

interest to the community to further understand the way that this impacts the complexity of

simulation, and how to find classical states that are close in phase space, which is currently

the focus of fewer studies than, e.g. distinguishability or loss.

As we have only seen numerical studies on a certain number of examples, it would be

useful to be able to generalise these results further – in particular, to understand why GBS

may demonstrate a quantum advantage in the original, proposed framework, which cannot

be translated into this application. One explanation is that these protocols deal with Gaussian

states constructed from real, non-negative matrices, which may be classically efficient to

sample from. This is the foundation of the quantum-inspired classical algorithms in [150]. A

further explanation could come from the structure of the problems considered here, and how

that differs from the problem that is proposed for a classical algorithm attempting to simulate

GBS. That is, the challenges of sampling from a distribution of hafnians differs to identifying

the largest hafnian, and therefore sources of error (from experimental applications to classical

simulation) may impact these differently. Finally, this problem uses the distribution of

hafnians of the subgraphs as a proxy for the distribution of interest, which is the density of

the subgraphs. Nonetheless, these distributions have different properties, so we may be able

to access the distribution of densities in a way which does not have the same difficulty as

sampling hafnians. Determining which explanation is most likely for the seeming lack of

quantum advantage, and the possible consequences of this for other applications of GBS,

will be the focus of the next chapter.
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Sampling the density of subgraphs

The sky above was blue at last,

The sky beneath me blue in blue.

Mary Elizabeth Coleridge, L’Oiseau Bleu

4.1 Preface

The work in this chapter was was conceived and carried out by N.R.S., under the supervision

of Dr Dara P. S. McCutcheon and Prof Anthony Laing. This work was carried out using the

computational facilities of the Advanced Computing Research Centre, University of Bristol

(http://www.bristol.ac.uk/acrc/).

4.2 Introduction

The results of the previous chapter suggest that the advantage that can be gained from using

GBS for the DkS problem is at most polynomial. This is confirmed by the results of [150],

which show that the sampling task for which we require GBS can be performed by an efficient

classical simulator (that is, sampling from the hafnians of non-negative matrices).

This classical algorithm is possible as we are only interested in the cases in which the A

matrix has only real, positive elements, and so we do not expect there to be the difficult-to-

simulate effects of quantum interference. Although there are no currently-known efficient

classical algorithms for hafnian approximation of matrices with real positive elements, this

classical solution is able to efficiently sample from the correct distribution, which is required

to explain why GBS should not lead to an exponential quantum advantage.
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Nonetheless, it is not clear that this is the only factor that influences whether this is a

valuable application of GBS. We can also examine other aspects of the quantum-enhanced

DkS algorithms. Firstly, we note that the task of sampling from a distribution and finding

the maximum value of that distribution may not necessarily have equivalent difficulties.

Secondly, when considering the density of graphs, it may be more effective to sample from a

distribution where the different subgraphs are weighted by density and not perfect matchings.

This difference is particularly relevant, as the density of a graph is efficient to calculate,

whereas its hafnian is not.

In this chapter, we compare different aspects of the quantum-enhanced DkS algorithms

with similar schemes, in order to better understand why the algorithm is effective, and why

it may not give a quantum advantage. Firstly, in Section 4.4, we examine other sampling

tasks – firstly the Max-Haf problem, and then DkS using complex-weighted graphs – in order

to understand whether states formed from unweighted graphs show a higher resilience to

error than other, randomly generated states, in similar sampling tasks. We then construct a

distribution where the probabilities of outcomes are proportional to the relevant subgraph

weights, and use verification tasks to show how effectively GBS with error can sample from

this distribution, in Section 4.5. Finally, in Section 4.6 we give an example of a technique that

can be used to sample from this distribution directly, which is not dependent on the graphs

being positive-weighted. As in the previous chapter, we use numerical data from classical

simulations, and not experimental data, although in some cases we can draw comparisons

to existing experimental work.

We hope to give some insight into various reasons that an application of GBS may fall

short of quantum advantage, with the intention that this analysis is not only useful when

considering the effectiveness of GBS for this particular problem, but also when considering

possible future applications.

4.3 Background

4.3.1 Density of weighted graphs

We will now be considering a more general version of the DkS problem when applied to

weighted (although still undirected) graphs. For a graph with adjacency matrixA ∈ Cn×n, an

alternative definition of the density can be calculated as [162]:

(4.1) W(G) =

∣∣∣∣∣∣
n∑

i,j=1

Ai,j

∣∣∣∣∣∣ ,
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the sum of the weights of all edges1. We use the letter W to signify that this is the total weight

of the graph. Note that in this case there is not a well-defined maximum possible density

(unless there is a maximum possible edge weight), so it is not appropriate to scale this so that

it is normalised, although some definitions consider the density to beW(G)/|V | [218]. This

means that for graphs in which all edge weights are real and positive, adding vertices (and

their associated edges) will increase the density – that is, larger subgraphs will be likely to

have a higher density. Furthermore, it is possible for a graph with many edges to have a low

density, if the positive and negative contributions from different edges are very close.

For real, nonnegative weighted graphs, many of the results reviewed in Section 3.3.1

regarding dense subgraph finding are still applicable, although these break down when con-

sidering negative-weighted edges. Although this problem is less common, it does appear as a

subroutine in other graph problems. The problem is NP-hard even without restricting to a

particular subgraph size k [219]. It is also shown in [219] that the greedy algorithm previously

introduced (with modifications to consider edge weights) achieves an approximation value

ofW∗/2−∆−/2, in whichW∗ is the highest subgraph density, and ∆− is the absolute value

of the largest negative degree (summation of negative weights for a single vertex).

Further variations include the heavy and dense subgraph problem [220], which considers

the case that both edges and vertices have associated weights. Although we do not consider

this variation in this chapter, we note the importance of vertex weights in modelling molec-

ular docking, as well as its relationship to displaced GBS, which is covered in the following

chapter [190].

4.3.2 The Max-Haf problem

A further problem that we will consider is the Max-Haf problem introduced in [203]. The

problem is (informally) as follows: given a fixed input matrix A, find the submatrix AS of di-

mension k that maximises |haf(AS)|2. We note firstly that we place two further restrictions on

the problem so that it is suitable for using GBS: firstly, we consider submatrices constructed

by selecting the same rows and columns of A, and we assume that k is even. We will also be

particularly interested in matrices that are valid A matrices of Gaussian states (i.e. positive

semi-definite).

This is an NP-hard problem by reduction to maximum clique, however it can be approxi-

mated using GBS by using appropriate adjustments to Algs. 1 and 2 (although we will focus in

this chapter on the first method, random sampling). It is the canonical optimisation problem

for GBS and we therefore expect it to provide a more faithful representation of the speedup

that can be provided.

1In this chapter, we will assume that there are no loops in the graph, although this possibility is included in
this definition.
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4.3.3 Verification of sampling problems

Verification is an important, and difficult, part of the theoretical analysis surrounding quan-

tum advantage experiments. This is the process of ensuring the correct functioning of the

quantum computer, often using comparison with expected outcomes [221, 222]. I highly

recommend Bill Fefferman’s QIP tutorial.

Consider the case of integer factorisation, a problem which is expected to benefit from an

exponential quantum speedup due to Shor’s algorithm. Once a solution has been provided,

it can be efficiently verified by a classical computer (by checking that the product of the

provided factors is equal to the input integer). Another example, which is verifiable, although

likely to still be out of reach of near-term quantum computers, is the Yamakawa-Zhandry

protocol [223] (this is useful to know in case it turns out that factorising integers is in P).

On the other hand, in the case of sampling experiments, it is more difficult to ascertain

whether claims of quantum advantage are valid – see [224] for an informal discussion of the

importance of these schemes.

In general, verification is done by comparison to the ground truth, which is the ideal

distribution that the device aims to sample from (i.e. the distribution that would be sampled

by an accurately implemented experiment with no error). Naïvely, the goal is to show that the

TVD between the ground truth and experimental distribution is sufficiently small. However,

we don’t have direct access to the experimental distribution, and calculating ground truth

probabilities is, by the nature of quantum advantage experiments, exponentially difficult.

Therefore, several methods are generally employed when aiming to demonstrate or refute

quantum advantage.

Firstly, smaller subsystems can be verified, as the classical task of simulating these, al-

though inefficient, is not intractable. For example, in the case of (G)BS, this involves verifying

experiments with a low photon number. This is useful in characterising errors in the device,

and it is clear that an experiment must be able to complete these simpler tasks in order

to be able to scale up successfully. However, it does not provide a reliable benchmark for

demonstrating that an experiment has achieved its large-scale goal, as some of the more

interesting quantum effects may originate from many-photon interference terms (although

the importance of these terms in GBS is unclear, which is the basis of [225], and discussed

informally in [226]). Similarly, some subspace of the possible transformations can be tested,

and particular interferometer settings have signature outputs that can be identified [227].

Secondly, other measurements such as correlation functions are an efficient method to

provide evidence of genuine quantum interference effects [228], or considering the output

photon number (particularly using threshold detectors) [161]. There are also verification

schemes that require some (although smaller) quantum resources [229].

All of these methods are not sufficient to efficiently guarantee that a GBS experiment

has been carried out that samples from the correct (or a sufficiently accurate) distribution,
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without some assumptions about the device, or additional (non-classical) resources, and this

remains an ongoing subject of research.

Thirdly, there are several methods by which the difference between the experimental

distribution and the ground truth can be measured. These methods generally take another,

classically simulable model, the ‘adversary’ (e.g. squashed states) and compare to see whether

this or the experiment (the ‘trial’ distribution) is a better approximation to the ground truth.

The following techniques all use a similar principle, in that they take a certain number

of samples from both the experiment and the simulation, and compare the likelihood of

drawing these samples from the ground truth distribution. The intuition is that a better

sampler will draw samples that are more likely according to the ground truth.

• Bayesian test [230]: we consider N samples drawn from the trial distribution. For

each sample, we compare the ground truth probability of that outcome, p(x), with the

probability according to the adversary distribution, q(x), and calculate:

(4.2) rB =
N∏
i=1

p(xi)

q(xi)
.

The numerator is the conditional probability of these samples occurring if drawing

from the ground truth, and the denominator is the conditional probability of these

samples occurring if drawing from the adversary distribution. So we can use Bayes’

theorem:

rB =
Pr(samples|ground truth)

Pr(samples|adversary)

=
Pr(ground truth|samples) Pr(samples) Pr(adversary)
Pr(adversary|samples) Pr(samples) Pr(ground truth)

=
Pr(ground truth|samples) Pr(adversary)
Pr(adversary|samples) Pr(ground truth)

.

(4.3)

We’re assuming there’s equal probability of the underlying distribution being either the

ground truth or the adversary, as what we’re trying to do is measure our confidence that

the trial samples came from either one. The ratio rB then, by Bayes’ theorem [231],

corresponds to the degree of confidence we have in the samples coming from the

ground truth distribution, over the adversary distribution (that is, the probability that

this hypothesis is true given the data).

We quantify this in the following way: the independent probability, rB/(rB + 1) is

normalised and can be assigned independently to the ground truth probability (or the

adversary in the reverse case). Then, different adversaries can be compared.

• Heavy output generation (HOG) [232], which proceeds in the following way:

1. Find the median probability in the ground truth distribution.
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2. Find the probabilities p(x) of N trial samples.

3. The HOG test passes if ≥ 2
3N trials have a probability greater than the median

probability.

We note that, unlike the above test, this is not in comparison to an adversary distribu-

tion. This relies on the intuition that an efficient classical algorithm is not effective at

determining whether a certain outcome is ‘heavy’ (probable with regards to the ground

truth) – evidence for this (with a focus on IQP) is given in [232].

The hardness of spoofing the HOG test is based on the quantum threshold assumption

(QUATH). The advantage of QUATH (the full statement is omitted here) is that it’s based

on the possibility of classical algorithms to estimate amplitudes, and decide whether

they are larger than the median, which is separate from sampling, or relation problems.

However, this is better studied for IQP than for BS, and there is currently a lack of strong

complexity-theoretic evidence that it is true.

• Chen-HOG (CHOG) [161]: this is another adversarial test, where instead of comparing

the probabilities from the ground truth and an adversary distribution, we instead draw

N samples from both the trial and the adversary. We then calculate the ratio:

rCHOG =
Pr(samplestrial)

Pr(samplestrial) + Pr(samplesadv)

=

(
1 +

∏
i

Pr(sampleadv(i))

Pr(sampletrial(i))

)−1

,

(4.4)

where all probabilities are calculated with reference to the ground truth distribution. We

expect this ratio to approach 1 if the trial is a better approximation than the adversary,

for similar reasons to the effectiveness of HOG. It seems similar to the Bayesian test– in

particular, it has a similar form to the confidence ratio resulting from the Bayesian test,

but has the additional advantage that it requires sampling from the adversary distribu-

tion, but not calculating individual probabilities (of the adversary distribution – it still

requires calculation of ground truth probabilities), which may be more challenging2.

As described in the Supplementary Material of [161], the intuition for CHOG comes

from rewarding distributions that imitate the constructive quantum interference of the

ground truth.

• Cross entropy benchmarking (XEB) [225, 233]:

(4.5) HXEB = −
N∑
j=1

ptrial(xj) ln(pideal(xj)).

2This will be particularly relevant when we use densities – which are efficient to calculate – as the ground
truth.
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This was developed due to useful properties when assessing the quality of random

circuit sampling. The distribution of RCS approaches the Porter-Thomas distribution

for sufficiently high circuit depths, and XEB is a useful measure of the fidelity to this

distribution. Variations such as linear XEB also exist, and can be implemented without

an adversary. However, recent results show it can be ‘spoofed’ for (G)BS [234], which

makes use of well-chosen distributions that correlate with the ideal distribution but are

easy to compute.

As these involve calculation of ground truth probabilities, they are in general inefficient –

but in GBS, if many of the samples produced have a low photon number, they correspond to

events for which the probability is easier to calculate, and hence the quantities described

are easier to compute. In this chapter, we focus primarily on HOG and CHOG, due to the

ease of implementing and interpreting their results, and to compare an adversarial and

non-adversarial verification method.

Finally, we note an interesting link to graph theory in this area [235]. This method

identifies feature vectors of graphs that can be produced by coarse-graining the outcomes of

GBS, and hence do not rely on a prohibitively large number of samples, to compare expected

and actual outcomes.

4.3.4 Rejection sampling

We consider a random variable distributed according to p(x) (the ‘target distribution’), which

may be a discrete (in which case p(x) is the probability mass function) or continuous variable

(so p(x) is a probability density function). Rejection sampling [236–238] is a technique

used to sample from p(x), without having to calculate the whole distribution, but assuming

there exists the capability to calculate the probabilities of individual outcomes (a helpful

pedagogical introduction is given in [81]). Generally this is the case when there are so many

possible outcomes that it is not feasible to calculate the cumulative distribution function,

which is the basis of simpler techniques.

Rejection sampling proceeds as follows:

1. Choose a ‘proposal distribution’, q(x), e.g. the uniform distribution, from which it is

easy to sample.

2. Choose H such that p(x) ≤ Hq(x) for all x.

3. Sample from q(x).

4. Keep the sample with probability p(x)
Hq(x) , otherwise reject the sample and return to

step 3.
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H must be chosen so that the probability in step 4, p(x)/Hq(x) ≤ 1. The overall probability

that a sample is accepted is:

Pr(accept) =
∑
y

Pr(accept|y)Pr(y)

=
∑
y

p(y)

Hq(y)
q(y)

=
1

H
.

(4.6)

Therefore, the efficiency of the algorithm is 1/H ;H samples must be drawn for every accepted

sample.

The overall probability of outcome x in the accepted samples is:

Pr(x|accept) =
Pr(accept|x)Pr(x)

Pr(accept)

= H
p(x)

Hq(x)
q(x)

= p(x).

(4.7)

Hence, samples appear in the output with the correct probability.

For more intuition, Fig. 3.2 in [81] is very helpful. We can understand it like this: the total

number of samples we wish to end up with is N , but the expected number of samples we will

draw is HN . The expected number of x that are in this total set is HNq(x), but we would like

there to be Np(x) in the final set, so we keep p(x)/Hq(x) of these samples.

A natural choice for q(x) is the uniform distribution over x, although this may be far from

optimal. If certain properties of the target distribution are known, a proposal distribution

can be chosen, for example a ‘stepped’ distribution where H is varied for different regions, or

chosen to match the peaks of the target distribution.

There are two cases to consider which may cause difficulties in implementing this. Firstly,

it may not be possible to find a minimal value for p(x). This may mean that H is poorly

chosen such that there exists some y with p(y)/Hq(y) > 1. In this case, at step 4, the sample is

accepted with certainty. The result of this alteration is that the outcomes for which p(x) is very

large will be under-represented in the final distribution. The relative outcome probability

(see [81] for further details) is instead Hq(x), so the relative error of this probability becomes
p(x)−Hq(x)

p(x) .

Secondly, finding a minimal value of p(x) may make H prohibitively large, meaning that

the algorithm is very inefficient. In this case, it is possible to carry out adaptive rejection

sampling, which adjusts the sampling process to iteratively improve the proposal distribution

(or, more precisely, the ‘envelope distribution’, Hq(x)). When applying rejection sampling,

each sample is independent, and therefore the accepted samples still have the correct proba-

bilities if the distribution is adapted between samples. As each sample requires calculating
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a probability p(x), this can then be used to replace the probability Hq(x) in the envelope

distribution (or, equivalently, p(x)/H replaces q(x) in the proposal distribution, although

note that this requires renormalising q(x)). However, in practice, this is not likely to have a

significant effect on the accuracy of rejection sampling until many samples have been drawn,

as many probabilities must be replaced to improve the accuracy.

How would this actually work in practice? First, we would draw a sample using the

rejection sampling algorithm described above. However, say we get outcome y, we then

replace the proposal distribution with:

(4.8) q(x) =

p(y), x = y

1−Hp(y)
|X|−1 x ̸= y

where |X| indicates the number of possible outcomes of x. We can sample from this distri-

bution using the inverse transform method. We can then continue the algorithm as before.

4.3.5 Previous results

GBS results collected using the Jiǔzhāng experiment not only showed a practical realisation

of weighted DkS using GBS, but this work also considered the Max-Haf problem, and includes

theoretical evidence that supports the use of threshold detectors [162]. They find that the

advantage of using GBS increases with the photon number for Max-Haf, but not DkS (with

both experimental and simulated numerical evidence). They also consider numerical studies

of the effect of photon loss, which shows worse robustness for loss from Max-Haf than DkS,

using complex valued matrices. They also consider the impact of thermal noise. These

results also focus on the amount of steps required to reach the target value, instead of the

average density of samples, which is potentially a more relevant metric for the optimisation

problem. It is interesting to see that they only see a very slight score advantage (i.e. the

density of subgraphs found) for dense subgraph finding of complex-weighted graphs, when

applying the random sampling algorithm. A more significant advantage can be achieved

using simulated annealing, or when instead benchmarking the algorithm by the number of

steps required to find the highest density subgraph.

As mentioned in the previous chapter, an experiment for dense DkS using a time-bin

encoded interferometer was carried out in [180]. They also investigated the impact of loss

on DkS, with higher squeezing to compensate, again finding high robustness to loss. Finally,

we note the work of [150], which also includes a high level of robustness to loss, above their

proposed quantum-inspired classical algorithm.
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4.4 Other sampling tasks

4.4.1 Max Haf

We consider the Max Haf problem, as described in Section 4.3.2. In Fig. 4.2, we show the

performance of the classical and quantum-enhanced random sampling algorithm (Alg. 1,

appropriately revised to maximise the absolute value squared of the hafnian of the submatrix)

either under the impact of loss, or with spectrally impure sources.

The matrices we use as input to this algorithm are the adjacency matrix of the dense

24-vertex example graph from the previous chapter (Fig. 3.2), or a random complex-valued

matrix, constructed as UUT , where U is a Haar-random unitary (the absolute values of the

elements of this adjacency matrix are shown in Fig. 4.1). We consider submatrices of size

8× 8. The maximum hafnian that can be attained by the subgraphs is 900 (which is given by

a different subgraph to that with the highest density), and the maximum hafnian that can be

attained by the complex-valued submatrices is 5.623× 10−5.

FIGURE 4.1. The absolute values of the adjacency matrix of the example complex-
weighted 24-vertex graph, which represents the magnitude of the edge weights.

Firstly, we note that the results in Fig. 4.2 show that unlike in the case of DkS, the algorithm

is not likely to be successful in finding the optimal submatrix. We also note that there is less

separation between the quantum and classical performance in the complex-weighted case.

These factors make it harder to draw conclusions about the robustness of the algorithm to

error, as with many more samples the differences in performance could become more clear,

as well as if this differs in the binary-valued and complex-valued cases (as we could expect,

if the possible efficient classical simulation of GBS for the DkS problem arises from there

being real, positive-valued matrices). Nonetheless, it is particularly interesting to note the
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FIGURE 4.2. The performance of the random sampling algorithm for the Max Haf
problem, with different sources of error, shown by the size of |Haf|2 of the
output graph (y-axis) as a function of the number of steps (x-axis). The left
hand side uses an initial matrix with binary entries (from the adjancency matrix
of an unweighted graph), whereas the right hand side uses an initial matrix
with complex-weighted entries.

performance of the algorithm on unweighted graphs seems to be unaffected (at least in this

case) by spectrally impure sources.

In Fig. 4.3, we once again consider a range of different initial matrix sizes (n). We use

either the n-vertex random graphs considered in Section 3.5.4, or matrices of size n× n equal

to UUT , where U is a Haar-random matrix. This reflects the matrices sampled by a GBS

device, although in the framework where there is equal squeezing in each mode (in this case

the squeezing is set by the scaling parameter).

We draw samples of size k, where k is the nearest integer to
√
n, either from the uniform

distribution (in the classical case) or using a simulation of GBS (with or without error). The

scaling parameter is set to optimise the number of clicks to be k, as described in Section 3.4.3.

We consider submatrices of size k × k, but the hafnian is only defined for square matrices of

even dimension. Therefore, we only consider n ranging from 31 to 42. We plot the average

value of the absolute value of the hafnian squared - that is, for submatrix An,n, we consider

|haf(An,n)|2. The standard deviation is omitted from these plots – in general, this is a similar

size to the mean values. (For that reason, adding it makes the plots harder to read.)

In general, these do not seem to show the same robustness to loss as our previous results

regarding dense subgraph finding, however it still remains robust to spectral impurity. This

suggests that the possibility of efficient classical simulation may be due to using binary-

valued matrices, but may also be due to the differences between sampling perfect matchings

and sampling densities.

Furthermore, to run any classical algorithm that requires calculating hafnians (including

109



CHAPTER 4. SAMPLING THE DENSITY OF SUBGRAPHS

32 34 36 38 40 42
0

2

4

6

8

10

Initial graph size

A
ve

ra
ge

sq
u

ar
e

h
af

n
ia

n
No error Loss = 0.4

Purity = 0.6 Classical

32 34 36 38 40 42

2

4

6

·10−6

Initial graph size

No error Loss = 0.4
Purity = 0.6 Classical

FIGURE 4.3. The average absolute square hafnian of samples of size
√
n taken from

initial matrices of size n, when sampled using simulated GBS (with error) or
from the uniform distribution. The matrices are the adjacency matrices of
randomly generated Erdős-Rényi graphs (left-hand side), or UUT where U is a
Haar-random unitary (right-hand side).

the random sampling algorithms shown above) is exponentially difficult. Therefore, even if

an efficient classical sampler existed for an effective distribution, we would not be able to

implement the algorithms as shown here.

4.4.2 Complex-weighted DkS

We now consider dense subgraph finding, but instead using the definition of density for

complex-valued matrices, as in Eq. 4.1. We consider the randomly generated complex-valued

matrix used in the previous chapter, and draw submatrices of size 8× 8. We use the random

sampling algorithm (Alg. 1) and consider the impact of loss and spectrally impure sources.

The maximum density attained by a submatrix is 2.066.

We also show the average density obtained by samples, drawn by simulated GBS or from

the uniform distribution, for the same initial graphs (formed by the matrices UUT ) as in the

previous section (although for a larger range of sizes, taking k to be the nearest integer to
√
n).

Once again, in the classical case, we sample from the uniform distribution.

These results are presented in Fig. 4.4. For the random sampling algorithm, there does

not seem to be any advantage due to the quantum sampling results. This can be understood

considering the results of [162], where the advantage of the quantum-enhanced algorithm is

very slight, and only becomes clear with more samples, although it is able to find the densest

subgraph sooner (which may be apparent if taking many more samples). When considering

the average density of samples from initial graphs of different sizes, there does seem to
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FIGURE 4.4. The performance of simulated GBS for DkS with complex-weighted
graphs. We show the final density when using the random sampling algorithm
(top), and the average density when drawing 1000 samples (bottom), with the
standard deviation of classical samples shown on the latter (green region).

be some small difference from taking samples from the GBS distribution or the uniform

distribution, however error does not seem to make any difference. Finally, it is interesting to

note that there is little variation in the average density sampled, which is likely due to the

properties of the randomly generated UUT matrices.

In Fig. 4.5, we show the complex densities, and |haf(A)|2 for the 8 × 8 submatrices A

of the complex-weighted example graph. It is clear that there is significantly less variation

in the relative sizes of the densities, which could indicate why the performance is more

limited in this case. This could also explain what seems to be a better performance from

GBS in DkS, as opposed to Max Haf, as there are many different subgraphs with densities

close to the densest subgraph. Furthermore, we note that the study connecting hafnians

and densities in [179] only focused on unweighted graphs, and more work may be necessary
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FIGURE 4.5. We consider the 8×8 submatrices of the initial 24×24 complex-weighted
matrix, and show the square of the absolute value of the hafnian (left hand
side) or the complex density (right hand side). The x-axis is omitted, but is the
ordered list of binary strings of Hamming weight 8.

to confirm this relationship for complex weighted graphs. The Supplementary Materials

of [162] consider this problem with numerical studies, revealing a modest, but statistically

significant, correlation between the Torontonian and the density.

4.5 Density distribution

Sampling from hafnians, in order to solve the dense subgraph finding problem, is partly mo-

tivated by the correlations between graph hafnians and densities (at least in the unweighted

case). In previous studies, we have compared to the classical case, which samples from

the uniform distribution. However, it would be useful to consider whether there are other

distributions – particularly those which are efficient to classically sample from – which can

be used as a basis of stochastic algorithms, instead of the hafnian distribution that GBS draws

from.

4.5.1 Normalisation

We wish to construct a distribution over all subgraphs of size k of an (unweighted) initial

graph, G. Each point represents a different subgraph S, with p(S) ∝ d(S), that is, the

probability of S is proportional to the density of that subgraph. We will refer to this as the

‘density distribution’.

The normalisation factor of the density distribution is the sum of the densities of all

possible subgraphs of size k. Equivalently, for the number of edges |ES |, p(S) ∝ |ES |, and the

normalisation factor is the sum of edges in all of the subgraphs:

(4.9) N =
∑

S:|VS |=k
|ES |.
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This is equivalent to a sum over all of the edges, multiplied by the number of times it is

included in a subgraph, as each edge is included in the same number of subgraphs.

We note that each edge is included in this factor every time that a subgraph includes

both of its terminating vertices. There are
(
n−2
k−2

)
of these subgraphs, and hence the total

normalisation factor is |EG|
(
n−2
k−2

)
. Therefore:

p(S) =
|ES |(k − 2)! (n− k)!
|EG|(n− 2)!

=
k! (n− k)!

2|EG|(n− 2)!
d(S).

(4.10)

It is possible to see that this generalises to weighted graphs if all edge weights are real

and positive, as |ES | can be replaced by the sum of edge weights (although in this case we do

not include the normalisation factor k(k − 1)/2 which comes from the unweighted density

definition in Eq. 2.37). This is not the case if graph weights are negative or complex, as∑
S:|VS |=kW(S) is not necessarily equal to cW(G) for some constant c.

4.5.2 Verification with density as the ground truth

Verification schemes are useful to give an insight into the similarity of different distributions

when drawing samples. We find that this is particularly valuable when validating quantum

advantage claims, as calculating probabilities or full distributions can be prohibitively dif-

ficult. Furthermore, for quantum sampling schemes, the difficulty of spoofing these tests

is often underpinned by complexity arguments that limit the possible performance of a

classical sampling algorithm.

In this section, we consider verification tasks where the ground truth is the density

distribution. In particular, we focus on the HOG and CHOG tests as defined in Section 4.3.3,

and we use randomly generated graphs of size n (unweighted, or with adjacency matrix UUT

in the weighted case), as used in other sections, considering subgraphs of size k, where k

is the closest integer to
√
n. When considering the density distribution, we do not have the

same complexity-theoretic evidence that these tests are hard to spoof, however they have

useful intuition regarding the dense subgraph finding problem, as they consider the relative

probabilities of samples in the ground truth, which we aim to maximise. They also do not

require normalisation, as they compare relative sizes.

In Fig. 4.6, we show the performance of simulated quantum sampling with different

sources of error, and classical sampling from the uniform distribution, at the HOG test, when

the ground truth is the density distribution. We draw 1000 samples, and plot the number of

samples that correspond to subgraphs above the median density of subgraphs of that size.

We show results up to a maximum size of 56 due to the computational difficulty of calculating

the median. The grey line shows 666 samples – points above this line correspond to passing
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the HOG test. We do not necessarily expect any of the sampling schemes to pass or fail this

test, but instead focus on the comparison between results.
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FIGURE 4.6. Results of the HOG test: the number of samples, out of 1000, that are
above the median density, for unweighted subgraphs (left hand side) or complex
weighted (right hand side), for a range of initial graph sizes. The grey line
shows a ‘pass’, which is more than 2/3 of samples drawn above median density.
Samples are drawn using simulated GBS or from the uniform distribution
(‘classical’).

The HOG test appears to show that there is a noticeable improvement in results from

using the quantum samples, in the unweighted case and, unlike the previous results we have

presented, for the complex-weighted case. Overall, the results are better for the unweighted

case, although both cases show robustness to error, which challenges the case for quantum

advantage in the complex case, going beyond previous understanding. In the unweighted

case, it is particularly interesting to notice that the performance does degrade slightly under

the impact of loss, but not using spectrally impure sources. These results also suggest that

there is limited advantage to be gained for using GBS for the complex-weighted case.

We now consider the CHOG test. This is an adversarial test that compares the perfor-

mance of a trial distribution against an adversary, hence we compare the simulated quantum

sampling with no error, to the distributions with error, and to classical sampling from the

uniform distribution. Once again, we consider the same set of randomly generated graphs of

size 14 to 60.

The CHOG ratio, defined in Eq. 4.4, should tend towards 1 if the trial distribution (the

quantum distribution with no error) is favoured, and towards 0 if the adversary distribution

is favoured. As we are using ratios, we once again do not require normalisation. In Fig. 4.7,

we first plot how the ratio changes as more samples are drawn, from the example 24-vertex

graphs. In Fig. 4.8, we plot how many samples are required before the ratio converges to

within 1× 10−9 of either 0 or 1, subtracted from 1000. A positive value indicates that the ratio
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converges to 1 (favouring the no error quantum distribution) and a negative value indicates

that the ratio converges to 0 (favouring the adversary). A value of 0 indicates the ratio does

not converge. A more positive (negative) value means that the ratio converges to 1 (0) faster.
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FIGURE 4.7. Examples of the CHOG test on 24-vertex graphs. We show how the
CHOG ratio (Eq. 4.4) changes with the number of samples, comparing the no-
error GBS simulation to statistics with error, or from the uniform distribution.
The top (bottom) plot samples from the unweighted (complex-weighted) graph.
The inset shows the ratio for the unweighted graph as the number of samples
approaches 1,000.

Similarly to the HOG test, these results show that, in the case of unweighted graphs, the

quantum sampling with no error outperforms sampling from both the uniform distribution

and using GBS with loss. On the other hand, using spectrally impure sources does not seem

to have a significant impact. Furthermore, there seems to be little evidence from the CHOG
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FIGURE 4.8. Results of the CHOG test (how many samples before the ratio converges
to +1 (positive) or 0 (negative number of samples), on randomly generated
graphs of different sizes, drawing samples of size

√
n. The left hand side are

unweighted graphs and the right hand side are complex-weighted graphs.

test supporting the use of GBS for dense subgraph finding in the complex-weighted case.

4.6 Rejection sampling

4.6.1 Complexity of rejection sampling

First, let us consider sampling from the density distribution of unweighted graphs. For

this analysis, we assume that the proposal distribution is the uniform distribution over

subgraphs S of size k, so q(S) = k!(n−k)!
n! . However, there are other proposal distributions

that can be easily constructed. For example, the distribution in which the probability of

selecting a subgraph is proportional to the sum of the degrees (∆) of its vertices, for which

the normalisation factor is
(
n−1
k−1

)∑
i∈V ∆i.

The overall probability of acceptance is given by 1
H , so for an efficient algorithm,H should

be at most poly(n) (calculating densities is efficient, so that means that the rejection sampling

scheme is efficient overall). We require:

H ≥ p(S)

q(S)

=
|ES |n(n− 1)

|EG|k(k − 1)

=
d(S)

d(G)
.

(4.11)

The minimum value of |EG| is n
2 (assuming that every vertex has degree at least 1), and the

maximum value of |ES | is k(k−1)
2 , so H ≥ n − 1. This holds for any graph, hence, we can
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conclude that it is efficient to sample from the density distribution using rejection sampling

in the case of unweighted graphs.

Nonetheless, this is the expected efficiency, over many samples. If there are many sub-

graphs with very low density (i.e. the density distribution is very concentrated around certain

outcomes) then many samples may be rejected before accepting samples. This also gener-

alises to real, positive-weighted graphs, although this will depend on the definition of density

which is used, as well as the variation of weights that are permitted.

There is an important caveat to this, if applying it to dense subgraph finding. We could

use this sampling as the search subroutine to Alg. 1, however, as the underlying process

relies on first sampling from the uniform distribution and then calculating the density, there

is no reason that it should give an efficiency advantage over a completely random search.

Therefore, in this case, we suggest that the ability to efficiently sample from the underlying

distribution does not imply a greater-than-polynomial speedup to dense subgraph find-

ing. Despite this, much like GBS, it could be useful as a subroutine to more complicated

algorithms.

Now we consider complex-weighted graphs, although for simplicity (w.l.o.g.) rescaled to

have unit maximum absolute size of each edge weight. We consider the same q(S) as before,

but now with p(S) weighted by the complex density from Eq. 4.1:

(4.12) p(S) =
1

NW(S),

where there is now the difficulty of calculatingN .

Once again, we require:

H ≥ p(S)

q(S)

=
W(S)

N
n!

k! (n− k)!

(4.13)

By the Cauchy-Schwarz inequality, the maximum value forW(S) is k(k − 1)/2, althoughN
may be very small. Let us assume that there is at least one subgraph withW(S) ≥ 1, which is

the case if there exists one subgraph containing a single edge of weight 1. For example, we

could modify the graph to ensure this by adding an additional vertex, connected by a single

edge of weight 1 to another vertex. ThenN ≥ 1, in which case we require:

(4.14) H ≥ k · (k − 1) · n!
2(k! )(n− k)! .

We should also consider how to apply rejection sampling in the case that the normal-

isation coefficient is not known. To do this, we can consider applying the rejection sam-

pling algorithm described in Section 4.3.4, but we now choose to accept with probability

W(S)/Hq(S), choosing H such thatW(S)/Hq(S) ≤ 1.
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Now:

Pr(accept) =
∑
S

Pr(accept|S)Pr(S)

=
∑
S

W(S)

Hq(S)
q(S)

=
N
H
.

(4.15)

Then:

Pr(S|accept) =
Pr(accept|S)Pr(S)

Pr(accept)

=
H

N
W(S)

Hq(S)
q(S)

=
W(S)

N ,

(4.16)

as required.

Therefore, our classical algorithm can sample any weighted graph, even those with

complex weights, although in this case, we expect the algorithm to be inefficient in the worst

case.

4.6.2 Rejection sampling and anti-concentration

Let us consider the requirements onN that must be satisfied in order for rejection sampling

to be efficient for complex weighted graphs.

We require that:

(4.17) H ≥ W(S)

q(S)
,

so we choose H = k(k−1)n!
2(k!)(n−k)! . We would like H/N ≤ poly(n), as this corresponds to the

number of samples for each accepted sample (the inverse of the efficiency).

Assume that some proportion β of subgraphs have weightW(S) ≥ W̃ . Then:

(4.18) N ≥ β n!

k! (n− k)!W̃.

We now have:

(4.19) H/N ≤ k(k − 1)

2βW̃
.

Thus, we require the condition:

(4.20) Pr
(
W(S) ≥ 1

βpoly(n)

)
≥ β.

118



4.6. REJECTION SAMPLING

We cannot provide evidence for such a condition applying to complex-weighted graphs.

However, we can compare this to the anti-concentration conjecture of boson sampling (with

outcome x) [84]: (page 65 on the ArXiv version)

(4.21) Pr
(
p(x) ≥ n!

poly(n, 1/β)

)
≥ 1− β

which was initially studied for permanents, but has also been conjectured for hafnians, as we

will discuss further in the following chapter. We can choose, for example, that β is constant,

so that these have a more similar appearance.

The anti-concentration condition in Eq. 4.21 applies for p(x) = |per(A)|2, where A are

the Gaussian matrices corresponding to the outcomes of BS, and it is an important aspect

(although unproven) of the BS complexity proof. Given the correspondence between graph

densities and permanents [209], this could suggest an interesting connection: the conditions

required for efficient rejection sampling from the density distribution seem to coincide with

the conditions required for (G)BS not to permit efficient classical simulation.

It should be noted that the condition in Eq. 4.20 is not genuinely an anticoncentration

condition, due to the reliance on the weights but not probabilities (that is, the lack of nor-

malisation). Therefore, a uniform distribution with very low weights would be considered

anti-concentrated, but would not satisfy Eq. 4.20. On the other hand, very concentrated

distributions would fail both conditions. Intuitively, we can see why this wouldn’t be good for

rejection sampling - you end up drawing many samples with very low acceptance probabili-

ties before you find one you can accept.

Further work is needed to see to what extent this holds for dense subgraph finding,

particularly in cases of interest (either in their relation to GBS, or uses of DkS).

4.6.3 Results

We now implement the rejection sampling schemes described previously on the randomly

generated graphs of sizes 14 to 60, drawing samples of size k =
√
n, as described in previous

sections of this chapter.

As we have shown, exact rejection sampling produces samples according to the correct

distribution, and therefore typical verification tasks are not necessary in this case. In general,

they also do not have the same complexity-theoretic justification, as it is not known the diffi-

culty of spoofing these tasks for certain distributions. However, these are useful benchmarks

for comparing this scheme to other sampling schemes we have discussed so far.

In Fig. 4.9, we show the results of the HOG test applied to these samples. This provides

evidence that the sampling scheme is functioning as intended; it has an intuitive meaning in

the case of sampling dense subgraphs, corresponding to the likelihood of drawing subgraphs

above the median weight; and it gives further illustration of the usefulness of the HOG test for
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CHAPTER 4. SAMPLING THE DENSITY OF SUBGRAPHS

the density distribution, and therefore whether it is relevant as a verification test for quantum

sampling schemes.

In Fig. 4.9, the left-hand column corresponds to the unweighted graphs, and the right-

hand column corresponds to the complex-weighted graphs (this only shows graphs up to size

56 due to the difficulty of calculating the median at larger sizes). The number of subgraphs

sampled with density above the median density is shown, when 1000, 10 000, and 100 000

samples are drawn (top to bottom, respectively).
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FIGURE 4.9. The HOG test performed on 1000, 10000, and 100 000 samples (top to
bottom) collected using rejection sampling on unweighted (left) and complex
weighted (right) graphs. The y-axis shows the number of samples drawn which
had density above the median.
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This shows some interesting features. Firstly, focusing on the unweighted graphs, this

seems to perform worse at the HOG test than the quantum results. This could suggest that

this test is not an effective method of verifying samples according to the density distribution.

It could also indicate that there is some advantage in sampling from hafnians than sampling

directly from the density, if the goal is to find higher density graphs (possibly because the

hafnian distribution shows more significant differences between the heights of the peaks).

On the other hand, as expected, it does outperform uniform sampling.

Secondly, focusing on the weighted graphs, it is interesting that the results are so con-

sistent. This is likely due to the properties of the randomly generated matrices. We expect

submatrices to have Gaussian i.i.d entries, and hence it is reasonable that in each case, the

distributions of weights should have similar features.

We also show the results of the CHOG test, in Fig. 4.10. The trial distribution is the results

from simulated GBS, and the adversary distribution is rejection sampling. These results are

consistent, with quantum sampling almost always being favoured for unweighted graphs, and

rejection sampling from the density distribution almost always being favoured for complex

weighted graphs. As rejection sampling samples exactly from the density distribution, this

firstly shows that CHOG is ineffective as a verification method for the density distribution.

However, it confirms the prior results of this chapter, that sampling from hafnians seems

to be an effective way to sample dense subgraphs in the unweighted case, but not in the

complex weighted case.

20 40 60
−1,000

−500

0

500

1,000

Initial graph size

Sa
m

p
le

s
at

C
H

O
G

co
n

ve
rg

en
ce

20 40 60
−1,000

−500

0

500

1,000

Initial graph size

FIGURE 4.10. The CHOG test, with density as the ground truth, quantum sampling
as the trial distribution, and rejection sampling as the adversary distribution.
The left hand side is for unweighted graphs, and the right hand side is for
complex weighted graphs.

We are also interested in the efficiency of running rejection sampling with complex-

weighted graphs. Fig. 4.11 shows the number of samples that must be drawn for each

accepted sample, the expected value of which is H/N . This number increases significantly

when the size of the subgraph increases (as it is chosen to be the nearest integer to
√
n), but

otherwise seems to increase approximately linearly.
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FIGURE 4.11. The number of samples that must be drawn for each accepted sample,
applying rejection sampling to sample subgraphs of complex weighted graphs.

4.7 Discussion

In the previous chapter, as well as in former results such as [150], it seems as though the

advantage that can be gained from using GBS to solve the DkS problem is limited, as we

focus on positive-weighted graphs. In this chapter, we have extended this study to consider

complex-weighted graphs as well. We have considered several possible reasons for the

previous results: whether the robustness to error (particularly loss) arises from the use of

positive weighted graphs, and hence the lack of quantum interference, whether this is due

to the use of efficiently calculable densities instead of hafnians, or whether this is due to

inherent limitations of sampling.

The Max Haf problem seems to be significantly more affected by loss than the dense

subgraph finding problem, in both the unweighted and complex-weighted cases. This

suggests that the results of Chapter 3 originate not just from using unweighted graphs, but

from important differences between the density and the hafnian. Overall, a convincing

case for quantum advantage primarily remains with the Max Haf problem on complex

graphs (perhaps not surprisingly). However, given the complexity-theoretic evidence for the

quantum advantage of GBS, we expect this to continue.

Our study focuses on sampling from the density distribution. At the simplest level, this is

the motivation for the link between GBS and DkS. However, it is not necessarily the root cause

of any advantage that quantum-enhanced algorithms may show. Given a distribution p(x),

the expected number of samples N that must be drawn before an exact sampler outputs x is:
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Unweighted Complex-weighted

Density

– Quantum-enhanced results are
robust to error, Chapter 3, [180]

– Underlying GBS is
efficiently simulable [150]

– Sampling from the density
is efficient, Section 4.6

– Less significant advantage
from GBS expected [162]

– Sampling from the density is
efficient in certain cases, Section 4.6

|haf|2
– Sampling is efficient [150]

– Less significant robustness
to loss, Section 4.4.1, [162]

– Sampling is not efficient
– Less robustness to

loss, Section 4.4.1

Table 4.1: The results of considering GBS for different optimisation problems. In particular,
we note the existing results in this work and in the literature, for the Max Haf or DkS problem
on unweighted or complex-weighted graphs.

N̄ =
∑∞

k=1 kp(x)(1−p(x))k−1 = 1
p . Therefore, if aiming to output the outcome associated with

the highest probability, the objective is simply to sample from a distribution that maximises

the probability associated with that outcome. The ideal distribution to sample from would

have a single peak, at the densest subgraph – instead of sampling densities, sampling from a

similar distribution, such as |haf(A)|2, or even some power of the densities, may give a greater

speedup. As is considered in [203], the hafnians of dense graphs can be greater than the

hafnians of sparse graphs by orders of magnitude. Therefore, we do not claim that quantum

advantage cannot exist for this task, but that it cannot be conjectured just from the difficulty

of calculating hafnians, and the similarity of hafnians and density.

These results may extend beyond the DkS problem. The rejection sampling scheme that

we have considered used the following conditions in order to sample from an underlying

distribution of interest:

• the relative probabilities are efficient to calculate;

• the maximum probability is well defined and does not scale exponentially in compari-

son to the proposal distribution;

• the distribution obeys an overall weight condition, Eq. 4.20.

These conditions may not be unique, or necessary, but were sufficient in our construction to

ensure efficient sampling. In particular, we could not ascertain analytically whether the final

condition applies for the density distribution over the matrices that we have considered, but

it agrees with numerical results.

Despite potentially offering an efficient sampling scheme, rejection sampling does not

offer any advantage – when used as a subroutine to random sampling – over sampling from

the uniform distribution. Sampling from the uniform distribution must be done as a first
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step to rejection sampling, and then stochastic algorithms will often follow this by calculating

the density to decide on how the sample is used, much like rejection sampling.

The verification tasks considered in this chapter may not have been particularly effective

in benchmarking whether the samples were drawn from a distribution close to the density

distribution, as rejection sampling failed these tests, which samples from the ground truth.

However, they are useful as they represent the important property of whether the samples

produced have high density. Therefore, they have provided insight that rejection sampling is

a more valuable tool than GBS for sampling dense subgraphs for complex-weighted graphs,

but that simulations or implementations of high-loss GBS may be more useful for unweighted

graphs. They could also be a valuable tool when assessing future potential use cases of GBS.

To summarise, we expect that problems requiring the identification of subgraphs with

many perfect matchings (related to the hafnian) are appropriate areas to expect a quantum

advantage (using GBS). However, when considering the DkS problem, it is unlikely that GBS

will be able to provide a considerable advantage over classical algorithms, even when using

complex-weighted graphs – however, this may vary on a case-by-case basis.

4.8 Outlook and further work

For any groups interested in using GBS for complex DkS, further work is required to un-

derstand the relationship between the hafnian, or Torontonian, and complex density. In

particular, if the correlation is minimal, then other methods for sampling from density-related

distributions may be preferable over the use of GBS.

We have considered rejection sampling, which is a very basic proposal for sampling, and

could be improved further by considering different sampling schemes (such as Metropolis

independence sampling [81, 239]), or other Monte Carlo methods. The advantage of these al-

gorithms often comes from similar ‘hill-climbing’ techniques that we have seen in simulated

annealing, which can improve the efficiency over rejection sampling, and provides a greater

advantage over sampling from the uniform distribution. This could be improved further by

using a well-chosen distribution to sample from, such as a power of the density, or using

further information about the graph (such as degree weights).

The results regarding the effectiveness of GBS with spectrally impure sources for graph

problems are particularly interesting, and the assumption presented thus far that pure

sources are required for accurate quantum interference may be challenged. As mentioned

previously, it is still not well-understood how this source of error effects Gaussian states and

the subsequent simulability of non-Gaussian measurements.

Finally, this work suggests that there could be advantages for graph problems in using

classical, or more easily accessible, optical technologies. A further branch of study could be

to focus on the application of thermal, or squashed, states to these problems.

124



C
H

A
P

T
E

R

5
A complexity transition in displaced Gaussian boson sampling

Oh, I have three kids and no money. Why can’t I have no kids and

three money?

Homer Simpson

5.1 Preface
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the work on the project following initial discussions), Jacob F. F. Bulmer, Ryan L. Mann, Raj B.

Patel and Ian A. Walmsley.

The author contributed to the development of the complexity proof in Section 5.5, and

carried out the majority of the analysis in Section 5.6, with help from Z.L. and J.F.F.B. The

author also contributed to the description and analysis of the efficient classical algorithms

in Section 5.4. The numerical data presented in Section 5.4 and Appendix Section D were

produced by Z.L.

Acknowledgements: I would like to give my sincere thanks to everyone with whom I

worked on this project. I learned a lot and it was a very valuable experience for me.

5.2 Introduction

As previously mentioned, the state preparation stage of GBS involves squeezing and displace-

ment, although many applications, analyses, and experiments involve zero displacement.

In the initial GBS proposal, displacement is considered, but it is noted that ‘displaced light

does not increase the complexity of the problem’ [145]. This matches current understanding,
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with displacement having no major (asymptotic) complexity impact on simulations such as

tensor network methods [177].

Nonetheless, there are several advantages of considering the complexity of simulating

GBS with displacement. Displacements are needed for vibronic spectra calculations [240],

and hence have been implemented as part of recent GBS demonstrations [147]. Displaced

light may not increase the complexity of the problem, but it may be important to consider the

ratio of the brightness of displaced and squeezed sources, to ensure that the complexity of

simulating within a certain error does not decrease. This is described in [147], which presents

one possible classical approximation technique if there is sufficient displacement. This may

also be related to the decreased complexity of simulating GBS in different error regimes,

particularly loss [175]. On the other hand, adding displacement increases the average photon

number, which increases the probability of the harder-to-simulate measurement events that

have a high photon number. Therefore, adding displacement is sometimes seen as a ‘cheap’

way to increase the complexity of simulating GBS experiments.

Calculating the probability of measurement outcomes in displaced GBS requires the

calculation of a different matrix function, the loop hafnian [146], which is closely related

to the matching polynomial of a graph [153, 241]. Ongoing research into the complexity of

approximating the matching polynomial could translate into results about the hardness of

approximately simulating displaced GBS. Nonetheless, additional work is necessary: firstly,

to show how these two results are related, using the original complexity proof of boson sam-

pling [84], and bipartite GBS [158], as example frameworks. There are also some restrictions

on the regime in which certain results hold, and hence this could be used to show a transition

in the complexity of simulating GBS for certain experimental parameters.

There are two main approaches in our work. Firstly, we employ algorithms used to ap-

proximate ‘diagonally dominant’ matching polynomials to show how GBS with high levels

of displacement can be simulated efficiently, in Section 5.4. We then use results concern-

ing matching polynomials to prove the complexity of GBS with displacements in the low-

displacement regime, in Section 5.5. Finally, we consider the link between displacement and

the simulation of lossy states, and how this relates to our complexity results, in Section 5.6.

5.3 Background

5.3.1 Evidence for the computational complexity of GBS

In Section 2.6.2, we considered the argument for the computational complexity of boson

sampling. Understanding this seminal result, presented in [84], is an important foundation

for proving the computational complexity of other models. Therefore, it is reviewed in the

Appendix Section C. However, the proof that applies to BS does not apply directly to GBS.

The general structure is the same, but here we highlight some aspects that are different.
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Firstly, we must consider the different arguments that apply to hafnians. Using an esti-

mate of the permanent, it is possible to approximate the value of the hafnian of the same

matrix [169], although this incurs exponential error – hence, if there is a fully polynomial

approximation scheme for the permanent of a matrix, this may not hold for a hafnian.

Furthermore, hafnian calculation is in the same complexity class as permanents (as a gener-

alisation of the permanent of counting the perfect matchings of general, instead of bipartite,

graphs), but in general there is not the same level of evidence, or results, regarding either the

hardness of approximation for various matrix classes, or the existence of efficient algorithms

for this task.

It is interesting to note one difference between permanents and hafnians – a size 2n

hafnian has the complexity of a size n permanent. This is clear from the matrix definition, as

the matrices input to hafnians must be symmetric, and it is also clear from the graph theory

definition, as the bipartite graph described by an n× n matrix has 2n vertices. Similarly, we

can gain intuition in the quantum case – in boson sampling, non-Gaussian resources are

required in photon creation (input state) and measurement, whereas in GBS, they are only

required for measurement. This aligns with BS experiments having twice the stellar rank of

GBS [242], a formalism which enables us to consider the non-Gaussian properties of different

states and operations.

We also need to consider the problem of hiding. In the BS framework, we are able to

consider the average-case hardness of the permanents of i.i.d. matrices as these can be

‘hidden’ inside unitary matrices. Using GBS, we are not considering submatrices of unitary

matrices, but instead the B matrix (in the case of a pure state), URUT . Alternative evidence

for hiding in this case is given in [159].

Furthermore, we must consider anti-concentration, which is an important aspect of the

complexity proof of BS, but remains a conjecture that is largely supported by numerical

evidence. This is considered for GBS in [243], requiring that a sufficient number of modes

must be squeezed at the input, compared to the number of photons that are measured at the

output.

Finally, we note that the relationship between the number of photons and number of

modes in BS experiments is chosen partly to avoid collisions. In GBS there is not a fixed

photon number, but collisions become more likely with a higher average photon number, and

so the squeezing parameters are chosen appropriately to keep the probability low. Although

a certain amount of collisions can be acceptable [126, 158], if this is too high, it can allow

classical spoofing [176].

5.3.2 Displaced Gaussian boson sampling

Displacement is easier to realise experimentally than squeezing, and coherent state prepara-

tion is more tolerant to loss [244]. It is also needed when using GBS to simulate molecular

127



CHAPTER 5. A COMPLEXITY TRANSITION IN DISPLACED GAUSSIAN BOSON SAMPLING

vibronic spectra [240]. However, it has only been implemented in GBS experiments more

recently [147, 208], which was realised by generating a coherent state and interfering it with

a squeezed state. The work in [147] also uses an approximation to DGBS (the ‘k-th order

approximation’) that relies on upper bounding the number of photons that are assumed to

have originated with squeezing.

A displaced Gaussian state has non-zero mean, so is described by both the covariance

matrix σ and a displacement vector δ. As described in [145–147], the probabilities associated

with PNR measurements on these states are given by:

(5.1) p(n) =
e−

1
2
δ†σ−1

Q δ

n1! ...nm!
√
|σQ|

lhaf (filldiag(An,γn)) ,

in which filldiag(X,v) replaces the diagonal elements of the matrix X with the elements of

the vector v, and γ = δ†σ−1
Q . Recall the loop hafnian from Section 2.8:

lhaf (filldiag(A,γ)) =haf(A) +
∑

i1,i2,i1 ̸=i2
γi1γi2haf(AS−{i1,i2})

+
∑

i1,i2,i3,i4,i1 ̸=i2 ̸=i3 ̸=i4
γi1γi2γi3γi4haf(AS−{i1,i2,i3,i4}) + ...+

M∏
i

γi.

(5.2)

Note that S − {i1, i2} is the set of modes in which photons were measured, except i1 and i2.

For a graph G that contains loops – edges that connect vertices to themselves, which

occupy the diagonal elements of the adjacency matrix – this is:

(5.3) lhaf(G) =
∑

M∈SPM(G)

∏
(i,j)∈M

G(i,j),

in which SPM(G) is the set of perfect matchings that permit matching a vertex to itself -

equivalently, a set of edges in the graph such that each vertex is connected to exactly one

chosen edge.

It is generally considered that the complexity of simulating a displaced GBS (DGBS)

experiment comes entirely from the difficulty of calculating the largest hafnian in Eq. 2.109,

and that adding displacements has no significant impact on the complexity [145]. However,

it seems intuitive that increasing the number of hafnians that must be calculated, as well

as increasing the average photon number, should both increase the difficulty of simulating

DGBS. On the other hand, sampling from a Gaussian state with only coherent light sources

is classically efficient, and therefore with weak squeezing and bright coherent sources it is

likely that the sampling error would be low with an efficient approximation.

In Section 5.5, we will use a restricted framework for DGBS in order to identify properties

of the distribution (this is similar to the paradigmatic structure of GBS introduced in [144]).

We assume that of the m modes, we input photons into K, with equal squeezing parameter
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r and displacement parameter β, before entering an interferometer described by U . This

means we can rewrite the outcome probabilities as:

p(n) =
p0

n1! ...nm!

∣∣∣∣filldiag(Bn,γ
(m)
n )

∣∣∣∣2
=

p0
n1! ...nm!

tanhK(r)

∣∣∣∣filldiag((UUT )n,γ
(m)
n )

∣∣∣∣2
=

p0
n1! ...nm!

tanhK(r)

∣∣∣∣lhaf
(

filldiag
(
Un,1KU

T
n,1K

,γ
(m)
n

))∣∣∣∣2
(5.4)

in which Un,1K is constructed by repeated the i-th row of U ni times and taking the first K

columns, and

(5.5) p0 =
e−

1
2
δ†σ−1

Q δ√
|σQ|

is the vacuum probability. We also use γ(m) to indicate the second m elements of γ.

We find that:

(5.6) γ
(m)
i = (β∗ − β tanh(r))

∑
col

Un,1K ,

where
∑

col indicates that we sum across the columns in each row.

Hence, we can express the outcome probabilities as (using lhaf(X,v) to indicate lhaf(filldiag(X,v))):

(5.7) p(n) ∝
∣∣∣∣∣lhaf

(
Un,1KU

T
n,1K

, w
∑
col

Un,1K

)∣∣∣∣∣
2

where we have introduced the parameter

(5.8) w =
β∗ − β tanh(r)√

tanh(r)

which will be used to demonstrate the displacement/squeezing ratio. This will be useful as it

represents a factor indicating the relative weights of the loops of the graph.

With zero displacement, the mean photon number is given by [145]:

(5.9) n̄ = K sinh2(r).

We can see this by considering the sum of the marginals of photon counting measurements

on each mode, as in Section 3.4.3.

5.3.3 The matching polynomial

There are several different ways of constructing functions related to the loop hafnian, which

are relevant to different physical systems (other than just photons, which we have seen so

far) [115].
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Consider an edge-weighted and vertex-weighted graph G with vertices V and edges E.

We will call the vector of vertex weights v, and the matrix of edge weights is the adjacency

matrixA. Let us introduce a generating function [153]:

(5.10) Z(G,v) =
∑

M∈SPM(G)

∏
⟨i,j⟩∈M

Ai,j
∏
k/∈M

vk.

We note that this is the same as the loop hafnian in Eq. 5.2.

If all vertices are equal weight (with that weight being some variable x ∈ C) we produce

the partition function, or matching polynomial [153]:

(5.11) Z(G, x) =
∑

M∈SPM(G)

∏
⟨i,j⟩∈M

Ai,jxn−2|M|.

This is a polynomial in x, which parametrises the vertex weights.

Alternatively, we can parametrise the matching polynomial by the edge weights, multiply-

ingA by the variable z, and setting x = 1, which gives:

g(z,A) =
∑

M∈SPM(G)

z|M| ∏
⟨i,j⟩∈M

Ai,j

= lhaf(zA,1n).

(5.12)

Finally, we also consider the univariate case in which all edge weights are the same (we

setAij = z) [241]:

(5.13) gG(z) =
∑

M∈SPM(G)

z|M|.

An example of this on a fully-connected 4-vertex graph is given in Fig. 5.1. The matching

polynomial for the empty graph (|V |= 0) is defined to be 1.

We can link Eqs. 5.10 and 5.12, following [153]:

Z(G;v) =
∏
l∈V

vl
∑

M∈SPM(G)

∏
⟨i,j⟩∈M

Aij

∏
p∈V

vp

−1 ∏
k/∈M

vk

=
∏
l∈V

vl
∑

M∈SPM(G)

∏
⟨i,j⟩∈M

Aij
(∏
k∈M

vk

)−1

=

(∏
l∈V

)
vlgG̃(z).

(5.14)

where gG̃ is the multivariate matching polynomial for the reweighted graph G̃, where Ãij =
Ãij/vivj .

The confusing use of many different definitions and somewhat clashing notation reflects

the variety of research done on the topic. In general, the different types of matching polyno-

mial presented are used in different contexts, but it is possible to convert between them using
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gG(z) = 3z2 + 6z + 1

FIGURE 5.1. The univariate matching polynomial of a fully-connected 4-vertex
graph.

a change of variable, although we note that being able to make this connection necessitates

that all vertex (or loop) weights are non-zero. Similarly to the hafnian, exact calculation of

the matching polynomial is worst-case #P-hard. However, we will once again be interested

in the difficulty of approximating the matching polynomial, which will depend on the graph

structure and the value of the variable(s).
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In [241], the definition in Eq. 5.13 is used, and, building on prior work, presents several

results for graphs of maximum degree ∆. Firstly, if z is not a negative real number such that

z < −1/(4(∆− 1)), there exists a FPRAS (fully polynomial-time randomised approximation

scheme) [167], or a deterministic FPTAS if the maximum degree of the graph is constant (with

regards to the graph size) [241, 245]. On, the other hand, for all graphs such that ∆ ≥ 3, for

real z < −1/(4(∆− 1)), it is #P-hard to approximate ZG(z) [241]. We will go on to consider

the implications of both aspects of this work – firstly, how approximation methods can be

applied to DGBS, and also how confident we can be in the hardness of approximating DGBS

in the appropriate regimes.

5.3.4 Noise and displacement

Let us consider in more detail the action of noise upon a Gaussian state. As we will see, this

will demonstrate the relevance of considering approximation schemes for DGBS, even when

a zero-mean state is input to a GBS experiment. We will follow [81, 132, 148].

We can write the density matrix of a quantum state in terms of its characteristic function:

(5.15) ρ =
1

(2π)n

∫
R2n

d(ξ)χ(ξ)D̂(ξ)

where, for Gaussian states:

(5.16) χG(ξ) = exp

(
−1

2
(ΩT ξ)TV (ΩT ξ)− i(Ωd)T ξ

)
.

In this case, we are using the real representation of the covariance matrix and displacement

vector. This is particularly useful for mixed states, that can be expressed as a convex sum

over pure states.

Now consider that we modify the state, so that V 7→ V +W and ρ 7→ ρ′:

ρ′ =
1

(2π)n

∫
R2n

dξ exp

(
−1

2
(ΩT ξ)T (V +W )(ΩT ξ)− i(Ωd)T ξ

)
D̂(ξ).(5.17)

In order for the state to continue to satisfy the uncertainty relation, we require W ≥ 0

(that is, W is positive semidefinite). Instead of the pure state with covariance matrix V +W

and displacement vector d, we now show that we can use the state with covariance matrix V

and displacement vector d+ r, where r is distributed according to the multivariate Gaussian

distribution:Note that here, W is acting as a covariance matrix in the classical probability

sense.

(5.18) p(r) =
e−

1
2
rTW−1r

(2π)n
√

det(W )
.

That is, we use a mixed state over different values of r distributed according to Eq. 5.18.
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We will assume that det(W ) > 0, but the proof for det(W ) = 0 is similar, although slightly

more complicated. In a GBS scheme, this would mean choosing a random displacement

from Eq. 5.18 for each sample drawn.

The state is then (we hope to show that this is equal to Eq. 5.17):

ρ′ =
∫
R2n

dr
e−

1
2
rTW−1r

(2π)n
√

det(W )
D̂(r)ρD̂(r)†

=
1

(2π)n

∫
R4n

drdξD̂(r)
exp
(
−1

2r
TW−1r− 1

2(Ω
T ξ)TV (ΩT ξ)− i(Ωd)T ξ

)
(2π)n

√
det(W )

D̂(ξ)D̂(−r)

=
1

(2π)n

∫
R4n

drdξ
exp
(
−1

2r
TW−1r− 1

2(Ω
T ξ)TV (ΩT ξ)− i(Ωd)T ξ

)
(2π)n

√
det(W )

D̂(r)D̂(ξ)D̂(−r).

(5.19)

Using D̂(r1)D̂(r2) = exp
(
irT1 Ωr2/2

)
D̂(r1 + r2): (we’ve seen this before, but you can con-

firm using the BCH expressions)

ρ′ =
1

(2π)n

∫
R4n

drdξ
exp
(
−1

2r
TW−1r− 1

2(Ω
T ξ)TV (ΩT ξ)− i(Ωd)T ξ + irTΩξ

)
(2π)n

√
det(W )

D̂(ξ).(5.20)

We can now integrate over r by using the equality:

(5.21)
∫
R2n

dre−rTAr+rTb =
πn√
det(A)

eb
TA−1b/4,

and we arrive at Eq. 5.17, as required.

This representation of error is particularly useful when considering the simulation of GBS.

For some mixed state, in order to simulate it using this scheme, we first wish to decompose

the covariance matrix into V = T +W , where T is the covariance matrix of a pure state (with

lower average photon number than V ), and the Gaussian noise W ≥ 0. Using the Williamson

decomposition, this can alternatively be represented by a symplectic transformation S acting

on a thermal state with diagonal covariance matrix D:

(5.22) V = SDS† =
1

2
SS† + S(D − 1

2
1)S† = T +W.

To sample from this state we can use the process described in [148]. We sample (i.e.

choose according to the classical distribution) a vector R from:

(5.23) p(r) =
exp
(
−(1/2)(r− d)TW−1(r− d)

)√
det(2πW )

.

(d represents the vector of means of our input state - given that we are discussing a non-

displaced state that undergoes loss, we will take this to be zero). We then continue by

sampling the pure state with covariance matrix T and vector of means r.

This decomposition is part of the scheme for classical simulation using tensor networks

described in [177]. By separating the state into the ‘classical’ and ‘quantum’ parts (i.e. V =

T+W ), they are able to simulate the classical part efficiently and use tensor network methods

to simulate the quantum part with high accuracy.
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5.4 Approximation schemes to the loop Hafnian

In this section we will present an approximation scheme to the loop Hafnian. This is based

on the work in [115, 246]. This method is based on finding the Taylor expansion of the

logarithm of the matching polynomial, which is only valid in regions in which the polynomial

is non-zero. Intuitively, we would expect classical approximation schemes to be valid in

regions where the magnitude of the displacement/squeezing ratio w is high. Let’s see if this

intuition is good!

5.4.1 Taylor expansion approximation

Let g(z) be a complex polynomial of degree d, which is non-zero for some region of z (and

therefore the logarithm is well-defined). Within this region, let f(z) = ln(g(z)), with |z|≤ 1,

and consider its Taylor polynomial (truncated to degree l)

(5.24) Tl(z) = f(0) +

l∑
k=1

(
dk

dzk
f(z)|z=0

)
zk

k!
.

In [115] (with further details in [246]), it is shown that, if g(z) ̸= 0 for all |z|≤ β, then:

(5.25) |f(z)− Tl(z)|≤
d|z|l+1

(l + 1)βl(β − |z|) ∀ |z|≤ 1.

(In brief, this is shown by expanding g(z) and its logarithm f(z) in terms of its roots αi, and

given that |αi|> β we can then use this to upper bound the size of higher order terms.) This

is shown on page 24 of [115] and it’s worth mentioning that the proof is not too involved,

although omitted here, so is worth looking at. There is a more detailed proof in [246]. In

order to use Tl(z) to evaluate f(z) with error < ϵ, we therefore require:

(5.26) l =
ln d− ln ϵ

1− |z|/β .

You can double check this by substitution into Eq. 5.25. This is an additive error approxima-

tion to f(z), which is a multiplicative error approximation to g(z), with factor eϵ − 1.

To see this, note that we are interested in:

(5.27)

∣∣∣∣∣ef(z) − eTl(z)

ef(z)

∣∣∣∣∣ = ∣∣∣1− eTl(z)−f(z)
∣∣∣ ,

but |eTl(z)−f(z)|≤ e|Tl(z)−f(z)| = eϵ. Further details are given in [246].

Now let us return to DGBS. Consider an n × n matrix Ã, which defines a matching

polynomial g(z; Ã) = lhaf(zÃ,1n) with maximum degree d = ⌊n2 ⌋. We assume as well that

there is a disc of radius β of the complex plane on which it is guaranteed that g(z; Ã) ̸= 0 (this

will be addressed further in the following section).
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As previously described, we can then take the Taylor expansion of g(z; Ã) at z, and truncate

it to degree l, chosen according to Eq. 5.26, for a multiplicative error approximation. The

runtime of computing Tl(z) scales with the coefficient of its leading term, dl

dzl
ln g(0). This

requires the evaluation of a polynomial number of derivatives of maximum degree l of

g(z; Ã) at z = 0 [115]. Full derivatives are given in [115]; we require computing O(l2) terms

constructed from g(k), and the coefficients g(k)(0). These can be expressed as a sum over

hafnians:

g(0; Ã) = 1

g′(0; Ã) =
∑
i,j,i̸=j

Ãij

g(k)(0; Ã) = k!
∑

S⊆{1,...,n}
|S|=2k

haf(ÃS)
(5.28)

where ÃS is constructed from Ã by keeping the i-th row and column of Ã if and only if

i ∈ S. Therefore, g(k)(0; Ã) can be calculated in time nO(l), and the approximation Tl(z) is

quasipolynomial, with runtime nO(ln(n)−ln(ϵ)).

The exponential scaling of the error may make it seem as though the term ‘efficient’

is not appropriate. However, we can see that an arbitrarily small error can be produced

without causing an exponential increase in runtime. To see this, we first describe the error as

ϵ̃-multiplicative, where ϵ̃ = eϵ − 1. Then the algorithm runs in time nO(ln(n)−ln(ln(ϵ̃+1))), and

hence we retain the quasi-polynomial runtime.

5.4.2 Non-zero regions

We have seen a quasi-polynomial approximation scheme, however in order for this to be

applicable, the remaining task is to identify on what regions of the complex plane g(z) is non-

zero. This will depend on the matrix that defines the matching polynomial. We would expect

that experiments with higher displacement are more efficient to simulate, corresponding to

diagonally-dominant matrices.

To understand this connection, first observe that:

lhaf(zÃ,1n) = 1 +
∑

M∈SPM(G)\∅

∏
⟨i,j⟩∈M

zÃi,j ,(5.29)

where we use ∅ to indicate the matching containing no edges between two vertices. Hence, if

|Ãi,j |≪ 1, then the higher-order terms decay quickly and lhaf(zÃ,1n) ≈ 1, particularly if z is

also small.

To reduce the run time of the classical approximation scheme, we would like the order

l to be low, which means |z|/β should be as small as possible. In particular, as we wish to

approximate g(z) at z = 1, we would like the radius β in which g(z) is non-zero to be very

large, which is the case if |Ãi,j | is very small for all i, j.
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Nonetheless, this is not a well-defined condition. In this section, we consider two previ-

ously studied results that give two different bounds onAij , in order to guarantee the existence

of a non-zero region of g(z). For a complex symmetric n× n matrix Ãij , these are [247]:

(5.30) |Ãij |<
1

e(2n− 3)
∀ i ̸= j, i, j ∈ [1, n]

and [248]:

(5.31)
∑
j ̸=i
|Ãij |<

1

n− 1
∀ i, j ∈ [1, n].

The condition in Eq. 5.30 was originally developed in terms of the abstract polymer model,

and has been adapted for quantum problems [249]. The result is:

Lemma 5.1. Let Ã be a complex symmetric n× n matrix whose elements satisfy:

(5.32) |Ãij |≤
λ

e(2n− 3)
∀ i ̸= j

for some real 0 < λ < 1. Then the matching polynomial g(z; Ã) ̸= 0 for |z|< 1
λ .

The abstract polymer model describes a finite set of polymers (in this case, edges of the

graph) which have a compatibility relation,∼. We consider edges to be compatible if they do

not share a vertex. If each edge zi ∈ E has a (complex) weight w(zi), then [247] shows that

g(1,A) (as defined in Eq. 5.12) is non-zero if:

(5.33)
∑

z′∈E:z′ ̸∼z
|w(z′)| ef(z′)+g(z′) ≤ f(z) ∀z ∈ E,

where f and g are real, positive weighted functions on E.

In order to arrive at Eq. 5.30, we choose constant functions so that f(z) = a and g(z) = d.

We also note that, for any graph, the maximum number of edges that can share a vertex with

the chosen edge zij is 2n− 3: these are zij′ , where j′ ̸= i, j, of which there are n− 2, and zi′j ,

where i′ ̸= i, j, of which there are n− 2, as well as the edge itself zij , which we include in this

set. Therefore, we can rewrite the left hand side of Eq. 5.33:∑
z′∈E:z′ ̸∼z

|w(z′)| ea+d ≤ (2n− 3)max(|Aij |)ea+d.(5.34)

Therefore, we require:

(5.35) max(|Ãij |) ≤
a

ea+d(2n− 3)

for some a, d ∈ R – and it is always possible to find a, d to satisfy this inequality if Eq. 5.30 is

satisfied.

The condition in Eq. 5.31 is developed in [248], and is used in a similar manner to show

regions where the permanent can be calculated efficiently. The result is:
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Lemma 5.2. Let Ã be a complex symmetric n× n matrix whose elements satisfy:

(5.36)
∑
j ̸=i
|Ãij |<

λ

n− 1
∀ i, j ∈ [1, n]

for some real 0 < λ < 1. Then the matching polynomial g(z; Ã) ̸= 0 for |z|< 1
λ .

We can then state the main result of this section:

Theorem 5.3. Let Ã be a complex symmetric n× n matrix, and λ < 1 a positive real number,

that together satisfy at least one of Eqs. 5.36 and 5.32. Then lhaf(Ã,1n) can be approximated

to multiplicative error eϵ − 1 in time nOλ(ln(n)−ln(ϵ)), where the subscript λ indicates that the

coefficient implicit in Oλ only depends on λ.

Proof. Firstly, by using lemmas 5.1 and 5.2, then lhaf(zÃ,1n) is non-zero in the region of

|z|< 1
λ , and 1

λ > 1.

Therefore, we can use the Taylor approximation method in Section 5.4, with the order

truncated to:

(5.37) l =
ln d− ln ϵ

1− λ ,

to approximate ln
(

lhaf(zÃ,1n)
)

at z = 1, in time nO(l) with error ϵ, which gives multiplicative

error factor eϵ − 1 to lhaf(Ã,1n).

This may be the case for some submatrices of the A matrix, i.e. for certain sampling

outcomes n. If it is true for all outcomes, then we are able to sample from the entire dis-

tribution with multiplicative error. We note that in general, Eq. 5.36 is more likely to occur

than Eq. 5.32, however Eq. 5.32 can still occur independently, and unlike Eq. 5.36, if it holds

for the A matrix, it also holds for any submatrix. Beware, however, that in our construction,

the submatrices that are associated with different outcomes are also rescaled by different

amounts, due to the fact that there may be different displacement in each mode. Hence,

that doesn’t mean that if this holds for the main Ã matrix, it will hold for any outcome that

we may like to calculate! We assume that λ is some known constant; the algorithm is more

efficient for lower values of λ. If λ is chosen incorrectly, so that it defines a disc containing

zeros, then the error bound ϵ is no longer valid and therefore the approximation is no longer

useful – however, this may not be apparent when implementing the method described, so λ

must be chosen with care.

We now return to the framework described in Section 5.3.2, where K input modes are

equally squeezed. The function that would we like to calculate is:

lhaf

(
Un,1KU

T
n,1K

, w
∑
col

Un,1K

)
.
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However, using the rescaling described in Eq. 5.14, we can instead use: m∏
k=1

w

(∑
col

Un,1K

)
k

 lhaf
(

1

w2
B̃,1n

)
,(5.38)

where

(5.39) B̃ij =
(Un,1KU

T
n,1K

)ij

(
∑

col Un,1K )i(
∑

col Un,1K )j
.

Note that here we have made the assumption that all loop weights are non-zero (that is,

the displacement at the output of each mode is non-zero). Experimentally, using a fully-

connected interferometer, this only requires displacement on a single input mode. However,

it is a more complex question whether this holds for the average unitary matrix. Assuming

w is non-zero, this is the question of whether the sum over the columns of a unitary matrix

is non-zero (for each column). Although we leave this as an open question, we note that in

the case of simulation of certain experiments, this can be used as a check to see whether our

simulation methods apply, and furthermore only a small deviation from zero is required, and

therefore as an approximation could be implemented by changing a zero loop weight to be

(arbitrarily) small.

Furthermore, assuming there are no collisions, and that the number of photons scales as

O(
√
m), we expect that the submatrices Un,1K should have i.i.d. entries distributed according

to Gaussians, that is, X ∼ N (0, 1)n×nC . Although we cannot directly use this to find maximum

values of |B̃ij | as required, we can use numerical data to understand the likely dependence of

non-zero regions on w.

These data1 are shown in Fig. 5.2. For each n, 10 000 random matrices of dimension n× n
are generated of the form:

(5.40) X̃ij =
(XXT )ij

(
∑

col X)i (
∑

col X)j
.

Then the minimum roots of the corresponding matching polynomial g(z, X̃) were found,

using NumPy. The median and first quartile of the absolute values of these were found

using bootstrapping, using the SciPy function, with a confidence level of 0.95. This takes

the original sample set, of size N , and draws N samples from this set (with replacement),

and calculates the median of these. This process done repeatedly to produce the bootstrap

distribution; when this produces a distribution that is sufficiently symmetric about the

median and contains a high enough proportion of the initial N values, then the median is

returned. This method is useful based on assuming that the statistics of interest have a normal

1Numerical data shown in this chapter were collected by Zhenghao Li, and the code used and data shown
can be made available on request. Fig. 5.2 is reproduced, with permission, from a figure produced by Z. L. for an
upcoming publication.
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FIGURE 5.2. Given a random n×nmatrix X̃ (see Eq. 5.40) and value |w|, we show the
probability for the magnitude of the minimum root of the matching polynomial
of g(z, X̃) (that is, z such that g(z, X̃) = 0) to be greater than 1/|w|2. The black
crosses correspond to a probability of 0.5, and the red crosses correspond
to a probability of 0.75 – this is the probability that the efficient simulation
algorithms are effective for this example.

distribution, and it allows us to gain a more detailed understanding of the overall population

using a limited number of samples [250]. Using this, we can estimate the probability that

g(z, X̃) is non-zero for z < 1
|w|2 .

In Fig. 5.3, we show the ratio |β|2/sinh2(r), where β is the displacement value and r is the

squeezing value, that corresponds to the value of |w| represented by the red and black crosses

in Fig. 5.2, which are the |w| values required for 50% or 75% of the roots to be greater than
1

|w|2 , respectively. This ratio corresponds to the ratio of the expected number of photons from

displacement, against the expected number of photons from squeezing.

These results show that the size of w above which we expect the approximations to

be effective increases slowly, although this corresponds to regimes in which displacement

dominates over squeezing in terms of the number of photons generated, by one or more

orders of magnitude.

5.5 The computational complexity of DGBS

Now we will consider the argument for the computational complexity of DGBS. Having

considered schemes that can classically simulate DGBS with very high displacement, it is

useful to instead consider the evidence that DGBS cannot be efficiently simulated if the

displacement is sufficiently low. Typically, the complexity of the GBS scheme is discussed
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FIGURE 5.3. We show the ratio of photons from displacement vs squeezing associ-
ated to the values of |w| corresponding to the points in Fig. 5.2.

based solely on the complexity of calculating the hafnian. As we have seen, displacement has

an impact on the complexity that must be taken into account when considering any claim of

quantum advantage. However, we are able to use existing results concerning the hardness of

approximating the matching polynomial – as described in Section 5.3.3, this is closely related

to the loop hafnian. Overall, we consider the framework of [84] – further details are included

in Section 2.6.2, and Appendix Section C.

5.5.1 Complexity of exact simulation

Firstly, we consider the hardness of exactly simulating DGBS. That is, we assume that there

exists a classical algorithm, C, that can sample exactly from the ground truth described by

the experimental settings, returning outcomes according to the probability distribution in

Eq. 5.1. Using Stockmeyer’s theorem, this algorithm would be able to estimate the probability

of an outcome in the complexity class FBPPNPC
.

It is first important to note that any complex-weighted graph with loops can be encoded

into an arbitrary DGBS framework. That is, the B matrix can be chosen to be any complex

symmetric adjacency matrix (up to some scaling parameter, as we have seen), and then the

displacement values can be chosen so that γ is any complex-weighted vector encoding the

loop weights. These can also be constructed to ‘hide’ matrix Bn and vector γn corresponding

to a particular outcome n.

The loop hafnian is worst-case #P-hard to approximate with multiplicative error, even in

the case of non-zero diagonal elements [167, 241]. Therefore, the efficient classical algorithm

C would be able to solve a problem in #P in FBPPNP, which, according to Toda’s theorem
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(Thm. 2.1), would cause a collapse of the polynomial hierarchy.

5.5.2 Complexity of approximate simulation

For a more realistic picture, we would like to know the computational complexity of sampling

from a distribution with a constant TVD from the distribution described by DGBS. We must

therefore consider the average-case hardness of calculating the matching polynomial in

the DGBS setup. If there are only a few outcomes that correspond to probabilities that are

difficult to calculate, these could be approximated with high error, while the other output

probabilities are approximated with low error, therefore still maintaining a constant TVD.

In order to do this, we use the model for DGBS described in Section 5.3.2, that has equal

squeezing in K input modes. We require that the displacement in each mode is non-zero at

the output in order to use the specified reduction to the matching polynomial. That is, we

will consider the difficulty of approximating g(z = 1
w2 ; X̃), where X̃ is constructed according

to Eq. 5.40. Note that this is slightly different from the previous section; instead of choosing

to evaluate the polynomial at z = 1, we use z to parametrise the displacement/squeezing

ratio.

In order to have the ‘hiding’ property, that the square submatrices of U have elements

that have i.i.d. elements according the normal distribution, we impose the conditions that

K ≤ √m and n̄ ≤ √m [145, 159]. Given this condition, we can post-select to only consider

samples with n = n̄ samples, in polynomial time [145]. This also enables us to assume that

the probability of collisions is negligibly low (although recent work suggests the collision-free

condition is not required for the hardness of BS [126], and future work may show the same

for GBS).

5.5.2.1 Average-case hardness of the loop hafnian

The complexity proof of GBS relies on the hafnians-of-Gaussians conjecture, that approxi-

mating the hafnian of a Gaussian matrix (X) with multiplicative error is in #P in the average

case (that is, for a sufficiently high proportion of matrices across the set X). We would like to

consider a similar case, but for our function of interest, g(z = 1
w2 ; X̃).

As well as the input matrix X̃, this relies on the parameter w. We conjecture the main

statement of this section, which is that this function is average case hard to approximate with

multiplicative error as long as |w| is sufficiently low:

Conjecture 5.4. Let X̃ be an n × n matrix constructed according to Eq. 5.40, where X ∼
N (0, 1)n×nC . Then, there exists some positive real w̃ > 0, which may depend on n, such that the

following problem is #P-hard for all complex w that satisfies |w|≤ w̃:

For any ϵ, δ > 0, estimate g( 1
w2 ; X̃) to within multiplicative error ϵ with probability at least

1− δ in poly(n, 1/ϵ, 1/δ) time.
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The ‘average-case’ part is here represented in the parameter δ. The probability 1− δ that

the efficient algorithm (which shouldn’t exist) will depend on the choice of input matrix.

Imagine that we choose δ to be exponentially low. In that case, we think that the algorithm

should work for almost any matrix. However, in this case, poly(n, 1/ϵ, 1/δ) is no longer

efficient – this corresponds to now including more hard cases in the potential inputs.

It may seem confusing that a polynomial runtime and #P-hard are included in the same

statement about complexity. However, we cannot say that the polynomial runtime doesn’t

exist, as it may turn out that problems in #P can be solved efficiently. Therefore, #P-hard

says that if this runtime was possible, then it would be possible for all problems in #P (with

possible polynomial overheads).

There are several reasons to suggest the dependence on the magnitude of w. Firstly,

physical intuition, as discussed previously, suggests that DGBS should become easier to

simulate as the displacement increases. In the limit of w = 0 (in which case the matching

polynomial described is no longer well-defined, but the loop hafnian reduces to the hafnian),

this becomes zero-mean GBS, where the hafnian-of-gaussians conjecture holds.

The work of [241] considers the matching polynomial of unweighted graphs, and shows

that this is efficient to approximate in regions of the independent variable (‘edge parameter’)

z where the matching polynomial contains zeros (as described in Section 5.4), whereas it is

#P-hard to approximate in regions of z that contain zeros of the matching polynomial. As

discussed in Section 5.4.2, these regions depend on the ratio w, with the zeros being more

likely to occur in regions of low displacement.

It is also possible that there is some dependence on the phase of w, given that the worst-

case hardness of the matching polynomial is dependent on the phase of the independent

variable [241]. We leave this as an open question.

Further work is also needed to evidence the average-case hardness. For the case of boson

sampling, this is conjectured for the permanent of Gaussian matrices, due to the worst-

case/average-case equivalence of the hardness of the permanent over finite fields [84, 251].

Furthermore, it is also average case #P-hard to exactly compute per(X). Nonetheless, this

does not hold for the permanent of Gaussian matrices, and is an open problem. We also

note that, if the anti-concentration condition holds, this is also equivalent to additive error

approximation, with error ϵn! /poly(n).

There is no evidence that the construction of X̃ provides any additional structure that

would facilitate the efficient approximation of g( 1
w2 ; X̃). Furthermore, similarly to the perma-

nent, computing the partition function Z(G,v) is #P-hard to do exactly unless the graph has

a particular structure [252]. Therefore, Conjecture 5.4 is not unlikely to be true, but further

work is needed to understand whether this is the case.

We also note that the hardness of calculating the matching polynomial under certain

circumstances cannot be used to design hard DGBS experiments. We require average-case
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hardness to ensure that the submatrices related to the sampled outcomes are likely to

correspond to difficult-to-calculate probabilities, to prevent the error in the distribution

being concentrated around a few probabilities.

5.5.2.2 Anti-concentration

The final condition that is necessary for the computational complexity of DGBS is the anti-

concentration condition. This is necessary to link the multiplicative hardness in Conjec-

ture 5.4 to the additive error that a hypothetical classical sampler is able to achieve using

Stockmeyer’s theorem.

The probability distribution of measurement outcomes depends on the amount of dis-

placement in the experiment, and therefore we expect that the anti-concentration condition

should as well. Similarly to the case of Conjecture 5.4, we expect anti-concentration to hold

for w = 0 (for the hafnian), but the evidence does not apply to experiments with a high

amount of displacement. Therefore, we propose:

Conjecture 5.5. Let n be a positive integer. Then there exists a real w̃ > 0, such that for

all complex w that satisfy |w|≤ w̃, and for any real β > 0, there exists a polynomial P =

poly(n, 1/β) such that

Pr
X∈Gn,n(0,1)

[ ∣∣∣∣∣lhaf
(
XXT , w

∑
col

X

)∣∣∣∣∣
2

<
1

P

n!Fn(w)

2n

]
< β.

The factor of n! accounts for the standard deviation (
√
n!) of loop hafnians, and the

normalisation factor 2n

Fn(w)
is required to account for the postselection into the subspace of

outcomes with n photons and no collisions [145]:

(5.41) Fn(w) =
∑
m≥0∑
mj=n

n∏
j=1

1

mj !

∣∣∣∣Hmj

(
iw√
2

)∣∣∣∣2 ,
where Hi are the Hermite polynomials. That is, if we consider the post-selected probability

p̃(n) of drawing a certain outcome from the set of ‘good’ outcomes Ω (having total photon

number n and no collisions), the condition in Eq. 5.41 can instead be expressed as:

(5.42) Prn∈Ω

[
p̃(n) ≥ n!

P

]
> 1− β.

Previous studies into anti-concentration have failed to reach analytical proofs of their

correctness (see e.g. [84, 126]), and therefore these remain as conjectures. As in most other

work on this topic, we rely primarily on numerical evidence to support this proposal, which

is presented in the Appendix Section D. In particular, it seems that the condition generally

holds for constant w, although it is less clear whether this is the case if |w| increases with
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n. Hence, this suggests that the hardness transition could require a fixed displacement to

squeezing ratio (as represented by w).

To understand the significance of the anti-concentration conjecture (here, we follow

the argument from [78]), recall that we have proposed a classical simulator that draws

samples from the distribution q(x), where
∑

x|p(x)− q(x)|< 2ϵ. Then, we can use Markov’s

inequality [253]:

Prx∈Ω

[
|p(x)− q(x)|≥ E (|p(x)− q(x)|)

δ

]
≤ δ

Prx∈Ω

[
|p(x)− q(x)|≥ 2ϵ

δ|Ω|

]
≤ δ,

(5.43)

where Ω is the space of outcomes that we are interested in. Similarly, we can find that:

Prq(x)∈Ω′

[
q(x) ≥ E (q(x))

δ′

]
≤ δ′

Prx∈Ω′

[
q(x) ≥ 1

δ′|Ω|

]
≤ δ′,

(5.44)

where this time, q(x) is considered over all possible outcomes, but also all possible problem

instances, represented by Ω′ (in our case, this is over all Gaussian i.i.d. matricesX). Therefore,

although the expected probability is still 1
|Ω| , δ and δ′ are independent.

Using Stockmeyer’s theorem, the hypothetical classical algorithm gives an approximation

q̃(x) to q(x) such that |q̃(x)− q(x)|≤ ϵ̃q(x), so:

(5.45) |q̃(x)− p(x)|≤ |q̃(x)− q(x)|+|q(x)− p(x)|≤ ϵ̃

δ′|Ω| +
2ϵ

δ|Ω| ,

with probability (1− δ)(1− δ′).
This currently represents an additive error approximation. However, we now assume that:

(5.46) Prx∈Ω′

[
p(x) ≥ 1

P |Ω|

]
≥ 1− β,

where P = poly(n, 1/ϵ), and we also set ϵ̃ = 2ϵ, δ′ = δ, to give:

(5.47) |q̃(x)− p(x)|≤ 4ϵP

δ
p(x),

which is a polynomial multiplicative estimation, with probability that is polynomial in 1/β,

1/δ.

We also require a proof that estimation of the loop hafnian is polynomial-time reducible

to estimation of its absolute value, which is omitted here, but can be done using the same

procedure as [84]. Furthermore, we introduce the factor of n! in our anti-concentration

conjecture to match other anti-concentration studies in this area, although we note that this

requires a more complicated proof structure that is also omitted here (but is found in [84]).
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We also note that this is a sketch proof; the argument of [84] uses a different technique that

allows us to introduce a factor of n!. Inspired by this, we therefore focus on this weaker

form of the anti-concentration condition (as presented in Conjecture 5.5) when gathering

numerical evidence. However, if this factor is omitted (or shown to be unnecessary) we can

use the proof as described here.

We therefore arrive at the main result of this section:

Theorem 5.6. Consider a DGBS problem as described in Section 5.3.2, withK = n̄ =
√
m, that

satisfies |w|≤ |w̃| for the |w̃| required by Conjectures 5.4 and 5.5, and whose n-photon, collision-

free post-selected distribution is p̃n. Suppose there exists a classical algorithm that, given some

error bound ϵ > 0, can sample from qn, such that TVD(p̃n, qn) ≤ ϵ, in time poly(n, 1/ϵ). If

Conjectures 5.4 and 5.5 are true, then the polynomial hierarchy collapses to the third level.

5.6 Loss and DGBS

5.6.1 Lossy GBS as DGBS

As described in Section 5.3.4, mixed Gaussian states can be decomposed into a pure Gaussian

state and classical noise:

(5.48) V = SDS† =
1

2
SS† + S(D − 1

2
1)S† = T +W,

where we are then able to sample from measurement on this state by instead considering a

Gaussian state with covariance matrix T , and displacement randomly chosen according to

Eq. 5.23. We would like to use this method to simulate a zero-mean Gaussian state affected

by loss. If the loss is sufficiently high, then the component W will dominate, meaning that

the state can be simulated by considering states where the majority of photons are generated

through displacement.

In this section, we consider an analytic decomposition of the state. This does not result in

a clear loss threshold over which the efficient techniques described can be used. However,

we instead present some comparisons to our numerical results that imply that the scaling

of this technique may make it favourable for simulating high-loss, high-photon-number

experiments. Furthermore, the expressions given here that characterise the relationship

between displacement and loss may be useful for future classical simulation efforts.

Consider a lossy channel that acts equally on all modes, with transmission η = 1−L. This

applies the transformation

(5.49) V 7→ ηV +
1

2
(1− η)1

to the Gaussian state. A pure Gaussian state with no displacement initially has W = 0,

T = 1
2SS

†, where S is a symplectic transformation acting on the vacuum.

145



CHAPTER 5. A COMPLEXITY TRANSITION IN DISPLACED GAUSSIAN BOSON SAMPLING

A potential first guess for the decomposition would be:

(5.50) Ṽ =
1

2
SS† + S

1

2
(η − 1)S† +

1

2
(1− η)1,

but this is not allowed, because W in this case is not positive semidefinite (can see this by

looking at the one mode squeezing example, and if S is positive semidefinite, can show this

using Sylvester’s criteria). We can also understand this intuitively – in this case the T matrix

stays the same, and we haveW = S 1
2(η− 1)S†+ 1

2(1− η)1. But if T is the same, the squeezing

of our pure state stays the same, and we are adding displacement (i.e. increasing the mean

photon number) to simulate loss (which should decrease the mean photon number). So

we should modify T to decrease the brightness of the squeezed sources, compensating for

added displacement. So let’s do the Williamson decomposition properly and not cut corners.

The decomposition V = T+W is not unique. Here, we use the Williamson decomposition

to do this analytically [254, 255], using the following method [132, 256]: We use this method

(linked) to do the Williamson decomposition (note that we’re working with real matrices here,

and we will do a basis change to the complex basis later on).

1. We find the eigenvalues of the matrix V 1/2ΩV 1/2 (these are the same as the eigenvalues

ofZ = ΩV ). These have the form iλk, and the values on the diagonal ofD are the λk > 0

(i.e. D = diag(λ1...λn, λ1...λn)). These have associated eigenvectors zk = uk+ivk (these

are different to the eigenvectors of Z).

2. We set U =
√
2[u1, ...,un,v1, ...,vn], and set

(5.51) S = D−1/2UTV 1/2.

First, consider the state created by single-mode squeezing and no interferometer (we will

say all m modes have the same squeezing value r). We have:

(5.52) V =
1

2
diag(e−2r, ..., e−2r, e2r, ..., e2r),

(5.53) Z = ΩV =
1

2



0 · · · 0 e2r · · · 0
...

. . .
...

...
. . .

...

0 · · · 0 0 · · · e2r

−e−2r · · · 0 0 · · · 0
...

. . .
...

...
. . .

...

0 · · · −e−2r 0 · · · 0


.

We have λ = 1
2 i and so D = 1

21 as we would expect.

After adding loss:

(5.54) Z 7→ 1

2

(
0 (1− η)1+ ηdiag(e2r, ..., e2r)

−(1− η)1− ηdiag(e−2r, .., e−2r) 0

)
.
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We find the eigenvalues:

λ2 =
1

4
(1− η + ηe2r)(−ηe−2r + η − 1)

= −1

4
− (η − η2) sinh2(r).

(5.55)

So λ = ±i
√

1
4 + (η − η2) sinh2(r), and λk = +

√
1
4 + (η − η2) sinh2(r). (Finding the associated

eigenvectors is omitted for now).

We end up with T = 1
2SS

†, where S = D−1/2UTV 1/2, with D = diag(λk).

T can now be expressed as 1
2SS

T , where

S =
1√
2
λ
−1/2
k UT diag

(
(ηe−2r+1−η)1/2, ..., (ηe−2r+1−η)1/2, (ηe2r+1−η)1/2, ..., (ηe2r+1−η)1/2

)
.

We can then implement the Bloch-Messiah (or Takagi-Autonne, as this is complex-symmetric)

decomposition [212] to find the squeezing parameters of our lossy state – that is, the effective

squeezing parameter that would be required to construct the pure state described by T .

Given that U is orthogonal, we can write this directly as

S = UTdiag(e−r
′
..., e−r

′
, er

′
, ..., er

′
),

where r′ is the new squeezing parameter. We have:

(5.56) e−r
′
=

1√
2
λ
−1/2
k (ηe−2r + 1− η)1/2

and

(5.57) er
′
=

1√
2
λ
−1/2
k (ηe2r + 1− η)1/2.

As a sanity check, we can see that when multiplied together, these give 1. Therefore,

r′ = ln

( √
ηe2r + 1− η

4

√
1 + 4(η − η2) sinh2(r)

)

=
1

4
ln

(
ηe2r + 1− η
ηe−2r + 1− η

)
,

(5.58)

where we have recovered the result from [177] (which was derived for a one-mode squeezed

state).

Intuitively we would expect that if we just need the magnitude of squeezing and displace-

ment, this should be independent of the interferometer settings. Indeed, in the decomposi-

tion, this should just be equivalent to just changing U , which does not change the squeezing

value.
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Now we have seen how the squeezing brightness changes when simulating loss, and we

should also consider the expected displacement value. We have:

W = S(D − 1

2
1)ST

= 2(λk −
1

2
)T.

(5.59)

Hence we sample a displacement from the multivariate normal distribution described by Eq.

5.23.

Now is a good time to return to part 2 of the Williamson decomposition procedure (using

Eq. 5.51) to calculate UT (still assuming no interferometer). We need to find the eigenvectors

of the matrix:

σ1/2Ωσ1/2 =
1

2

(
0

√
(ηe2r + 1− η)(ηe−2r + 1− η)1

−
√
(ηe2r + 1− η)(ηe−2r + 1− η)1 0

)

=

(
0 −λk1
λk1 0

)
,

(5.60)

which has eigenvalues±iλk. These look like zk = uk + ivk:

uk =
1√
2
(1, 0, ..., 0)T ,

1√
2
(0, 1, 0, ..., 0)T ...

(5.61)

vk =
1√
2
(0, ..., 0,−1, 0, ...)T ,

1√
2
(0, ..., 0, 0,−1, ...)T ,

1√
2
(0, ...,−1)T

(5.62)

so that

(5.63) U =

(
1 0

0 −1

)
.

Hence, W = (λk − 1
2)SS

T = (λk − 1
2)

1
λk
σ = (1 − 1

2λk
)σ. This means that W is diagonal,

and so the elements of the displacement vector are independently normally distributed.

We then draw the displacement vector from Eq. 5.23. If the displacement vector chosen is

d = (d1,d2), then the complex displacement vector is δ = 1√
2
(d1 + id2,d1 − id2).

Then we see that we can apply to each mode a displacement β that is normally distributed

with mean 0. The real part has variance 1
4(1− 1

2λk
)(ηe−2r + 1− η) and the imaginary part has

148



5.6. LOSS AND DGBS

variance 1
4(1− 1

2λk
)(ηe2r + 1− η). We introduce the notation µ± = ηe±2r + 1− η, and note

that λ = 1
2

√
µ+µ−, and e2r

′
=
√

µ+
µ−

.

We are interested in the magnitude of w = β∗−β tanh(r′)√
tanh(r′)

,which follows a Hoyt distribution

[257]. To understand this, we can use prior research into 2-dimensional distributions. It is

expected that half of the sampled displacements have |w| less than or equal to the circular

error probable (CEP), which is given by [258]:

(5.64) CEP(w) = 1.17741s′(1− 0.163357ρ′2 − 0.041694ρ′4),

where

s′ =
1

2
(STD(Re(w))2 + STD(Im(w))2)(5.65)

ρ′ =
STD(Im(w))2 − STD(Re(w))2

STD(Re(w))2 + STD(Im(w))2
.(5.66)

Using:

STD(Re(w)) =

√
(1− tanh(r′))2

2 tanh(r′)
(1− 1

2λ
)µ−(5.67)

STD(Im(w)) =

√
(1 + tanh(r′))2

2 tanh(r′)
(1− 1

2λ
)µ+,(5.68)

we find that:

ρ′ =
(1 + tanh(r′))2µ+ − (1− tanh(r′))2µ−
(1 + tanh(r′))2µ+ + (1− tanh(r′))2µ−

=
µ2+ − µ2−
µ2+ + µ2−

=
4η sinh(r) cosh(r)(2η sinh2(r) + 1)

4η2(2 sinh4(r) + sinh2(r)) + 4η sinh2(r) + 1

(5.69)

and:

s′ =
1− (1/2λ)

4 tanh(r′)
((1 + tanh

(
r′
)
)2µ+ + (1− tanh

(
r′
)
)2µ−)

= (µ+µ− −
√
µ+µ−)

µ2+ + µ2−
µ+µ−(µ+ − µ−)

=
η2(4 sinh2(r) + 8 sinh4(r)) + 4η sinh2(r) + 1

2η sinh(r) cosh(r)
(1− 1/

√
4η sinh2(r)(1− η) + 1).

(5.70)
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Here these are in full:

ρ′ =
(1 + tanh(r′))2µ+ − (1− tanh(r′))2µ−
(1 + tanh(r′))2µ+ + (1− tanh(r′))2µ−

=
e2r

′
(ηe2r + 1− η)− e−2r′(ηe−2r + 1− η)

e2r′(ηe2r + 1− η) + e−2r′(ηe−2r + 1− η)

=
(ηe2r + 1− η)2 − (ηe−2r + 1− η)2
(ηe2r + 1− η)2 + (ηe−2r + 1− η)2

=
η2(e4r − e−4r) + 2η(e2r − e−2r)− 2η2(e2r − e−2r)

η2(e4r + e−4r) + 2η(e2r + e2r)− 2η2(e2r + e−2r) + 2− 4η + 2η2

=
2η2 sinh(4r) + 4η sinh(2r)− 4η2 sinh(2r)

2η2 cosh(4r) + 4η cosh(2r)− 4η2 cosh(2r) + 2− 4η + 2η2

=
4η2 cosh(2r) sinh(2r) + 8(η − η2) cosh(r) sinh(r)

2η2(1 + 2 sinh2(2r)) + 4(η − η2)(1 + 2 sinh2(r)) + 2− 4η + 2η2

=
8η sinh(r) cosh(r)(2η sinh2(r) + 1)

2η2(1 + 8 sinh2(r) cosh2(r)) + 4(η − η2)(1 + 2 sinh2(r)) + 2− 4η + 2η2

=
8η sinh(r) cosh(r)(2η sinh2(r) + 1)

2η2(8 sinh4(r) + 4 sinh2(r)) + 8η sinh2(r) + 2

=
4η sinh(r) cosh(r)(2η sinh2(r) + 1)

4η2(2 sinh4(r) + sinh2(r)) + 4η sinh2(r) + 1

(5.71)

and:

s′ =
1− (1/2λ)

4 tanh(r′)
((1 + tanh

(
r′
)
)2(ηe2r + 1− η) + (1− tanh

(
r′
)
)2(ηe−2r + 1− η))

=
(1− 1/

√
µ+µ−)(er

′
+ e−r

′
)

4(er′ − e−r′) (4
e2r

′

(er′ + e−r′)2
µ+ + 4

e−2r′

(er′ + e−r′)2
µ−)

=
1− 1/

√
µ+µ−

e2r′ − e−2r′
(e2r

′
µ+ + e−2r′µ−)

=

√
µ+µ− − 1

√
µ+µ−(

√
µ+
µ− −

√
µ−
µ+

)
(

√
µ+
µ−

µ+ +

√
µ−
µ+

µ−)

= (µ+µ− −
√
µ+µ−)

µ2+ + µ2−
µ+µ−(µ+ − µ−)

=
(
1− 1/

√
(ηe2r + 1− η)(ηe−2r + 1− η)

) (ηe2r + 1− η)2 + (ηe−2r + 1− η)2
η(e2r − e−2r)

=
2η2 cosh(4r) + 4η cosh(2r)− 4η2 cosh(2r) + 2− 4η + 2η2

4η sinh(r) cosh(r)
(1− 1/

√
4η sinh2(r)(1− η) + 1)

=
η2(2 cosh2(2r)− 4 cosh2(r) + 2) + 4η sinh2(r) + 1

2η sinh(r) cosh(r)
(1− 1/

√
4η sinh2(r)(1− η) + 1)

=
η2(4 sinh2(r) + 8 sinh4(r)) + 4η sinh2(r) + 1

2η sinh(r) cosh(r)
(1− 1/

√
4η sinh2(r)(1− η) + 1).

(5.72)
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5.6. LOSS AND DGBS

Using Eq. 5.64, we can see how the CEP of w varies based on transmission, η, and the

initial squeezing parameter, r. However, we are particularly concerned with the amount

of loss that can be tolerated as the expected photon number from the sources is increased,

n̄ = K sinh2(r). In the simplified construction that we have been considering, K = m, and

we assume that r is chosen so that n̄ =
√
m, in which case sinh2(r) = n̄−1. We assume that

the proportion of surviving photons is some function of the input photons like: ηn̄ = n̄α.

This non-linear form of the relationship is not necessarily required, but here we use it as an

ansatz in alignment with previous work (e.g. [259]), and to compare to previously known loss

thresholds, such as α = 1/2 [175].

We have

(5.73) sinh2(r) =
1

n̄
, cosh2(r) =

(
1 +

1

n̄

)
, sinh(r) cosh(r) =

√
n̄+ 1

n̄
, η = n̄α−1,

which we use to find:

ρ′ =
4η
√
n̄+ 1n̄−1

(
2ηn̄−1 + 1

)
4η2 (2n̄−2 + n̄−1) + 4ηn̄−1 + 1

=
4 (n̄+ 1)

1
2 n̄α−2

(
2n̄α−2 + 1

)
4n̄2(α−1) (2n̄−2 + n̄−1) + 4n̄α−2 + 1

(5.74)

and

s′ =
η2
(
8n̄−2 + 4n̄−1

)
+ 4ηn̄−1 + 1

2η (n̄+ 1)
1
2 n̄−1

(
1− 1√

4η(1− η)n̄−1 + 1

)

=
n̄2(α−1)

(
8n̄−2 + 4n̄−1

)
+ 4n̄α−2 + 1

2 (n̄+ 1)
1
2 n̄α−2

(
1− 1√

4(1− n̄α−1)n̄α−2 + 1

)
.

(5.75)

The CEP of w can be thought of as representing the median value of |w| across many

samples. It is still not clear on the growth of |w| with increasing photon number that it is

required in order for the efficient classical algorithms described in Section 5.4 to be applicable.

However, in Fig. 5.4 compare the median |w| value produced in this method, for different

values of α, to the numerical results from Fig. 5.2.

As expected, a value of approximately α = 0.5 seems to be appropriate for a simulation

that is effective 75% of the time. A higher value of α corresponds to a lower loss value, hence,

as expected, this gives a lower median value of |w|. In order for the simulation to be effective,

this value should be above the |w| value required to assure a sufficiently large non-zero region

of the matching polynomial – i.e., this is the value of α for which the red or purple line lies

above the black or green lines.

5.6.2 Loss tolerance of DGBS

Loss is a major source of error in photonic experiments, and it is worth considering the extent

to which photon loss impacts the effectiveness or simulability of DGBS. Tensor network
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FIGURE 5.4. We show the median value of |w| (representing the displace-
ment/squeezing ratio) when the previous described method for simulating
lossy GBS is used, for different values of α. We also compare this to the numeri-
cal results that show what |w| value is required to have a 50% or 75% probability
of our efficient simulation methods to be effective, as a lower threshold for the
required values of loss (represented by α) for efficient simulation using this
method.

methods have been particularly successful in exploiting photon loss to simulate large-scale

GBS demonstrations [177], in which the complexity scales with the effective photon num-

ber of the ‘quantum’ component of the state, T . The addition of displacement, as a local

operation, does not change this and only adds polynomial overheads, and therefore the loss

tolerance of GBS experiments (before permitting efficient tensor network simulations) is not

affected by adding displacement.

This is also the case for the phase space simulation scheme in [175]. The approximation

is based on the Rényi relative entropy between two states, which upper bounds the total

variation distance of measurement distributions on the states. Displacement has no effect

on this, and therefore does not change the lower bound for the error of the simulation.

Nonetheless, in both of the above cases, adding displacement may increase the accuracy

of classical simulation, effectively reducing the loss tolerance of quantum advantage experi-

ments. In the case of tensor network simulations, the relative size of the ‘classical’ component

of the state, W , (that is, the effective photon number) is increased by displacement, which

increases the accuracy of the efficient part of the computation. Similarly, for phase space

simulation schemes, the Rényi relative entropy is not changed by displacement, but this is

only an upper bound for the TVD, and does not reflect that the accuracy of the simulation
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may improve. This aspect is not taken into account when evaluating the complexity of these

algorithms, which was a motivation for our study, although it should certainly be taken into

account for future large-scale experiments.

Both of these simulation schemes rely on loss being above a certain level to remain

efficient and accurate. Below this threshold, the method in [175] is no longer sufficiently

accurate to be effective, and [177] is no longer efficient, and may not be feasible to run.

Exponential, exact methods that rely on loop-hafnian calculations can be useful in this case,

however the complexity then scales exponentially with the number of photons (including if

generated by displacement). This may also be the case for other simulation schemes which

are not currently known or used. Therefore, displacement may yet gain relevance as a method

of increasing the complexity of a GBS experiment in the pursuit of quantum advantage.

5.7 Discussion

In order to understand the computational complexity of a problem, it is possible to con-

sider arguments that the problem is ‘easy’, by finding efficient algorithms to solve it, or

arguments that the problem is ‘hard’, through comparison to existing problems with more

well-understood complexities. In this chapter, we have taken both approaches to consider

the complexity of simulating DGBS, where the amount of displacement added determines

the difficulty of simulation (and therefore which paradigm is appropriate). We have also

considered how these results impact the study of zero-mean (non-displaced) GBS, via the

relationship between loss and displacement.

We have introduced an efficient scheme with which to simulate DGBS in the case of high

displacement. Although this applies to a limited class of matrices, it could be improved by

further results regarding the matching polynomial. It also agrees with current intuition that

increasing the level of displacement should make GBS easier to simulate; our numerical

results show a gradual transition in the expected probability of the algorithm succeeding

as the displacement to squeezing ratio increases, by studying the roots of the matching

polynomial.

Our study of the complexity of DGBS has introduced a framework that, although cur-

rently relying on some conjectures and numerical results, much like traditional GBS, gives an

overview of how to consider the displacement/squeezing ratio and how it affects the simula-

bility of GBS. In particular, we see that the displacement to squeezing ratio is relevant not only

in the hardness of the matching polynomial, but when considering the anti-concentration of

the loop hafnian. This may present as a major restriction in the possibility of using DGBS

experiments with high amounts of displacement as a foundation for quantum advantage.

Our numerical results suggest a smooth transition in the hardness of simulating DGBS, which

would correspond to efficient simulation schemes being effective for a higher proportion of
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experimental instances, and with lower error, as the displacement is increased.

We also considered the relationship between loss and displacement. We have presented

numerical results, which, due to limits on the computational power available, have only been

extended to 16 photons, and a larger study would be useful. Nonetheless, as discussed, the

zeros of the matching polynomial are closely related to their simulability and therefore this

provides insight into the potential effectiveness of exploiting displacement for lossy GBS

simulation. Our results also show that |w| tends to increase even for low loss levels, and

hence for w̄ with a large magnitude, this may exceed the threshold required for simulation.

Once more is known about the relationship between the displacement/squeezing ratio and

simulability, this could be a useful framework to consider asymptotic efficiency of simulation,

even for lower loss thresholds. We also note that efficient classical methods to simulate GBS

with high amounts of loss would not necessarily work to simulate DGBS using the method

presented, due to the fact that the displacement is not fixed but chosen randomly across

samples.

Finally, although our suggested algorithms for the efficient classical simulation of DGBS

do not appear to give any advantage over previously known methods when attempting to

simulate lossy GBS, this connection could provide another useful avenue in the study of

GBS simulation. If other simulation protocols are developed that allow for lower values of w

to be effective, the scaling of |w| seems to be similar for varying amounts of loss, including

when loss rates are below currently known classical simulation thresholds. Therefore, this

could become a more useful simulation method in the future, when considering quantum

advantage experiments with significantly lower loss and high photon numbers.

5.8 Outlook and further work

The efficient algorithms here are just one possible method of simulating DGBS, but we hope

that continued work on the matching polynomial could provide fruitful results in this area.

The leading current proposals for the simulation of GBS [147, 172, 175, 177] rely on a variety

of parameters (e.g. loss thresholds, or maximum feasible number of photons) in order to

function effectively, and therefore it is important to continue this study to better understand

where the boundary between what is possible with either quantum or classical resources will

lie in the future.

Further work is needed to strengthen the complexity proof regarding DGBS. Much like

with GBS, the average-case hardness of the loop hafnian, and the anti-concentration con-

dition, are both conjectures. Numerical evidence is typically required to justify the anti-

concentration condition, and, as explained in [84], new approaches beyond what is currently

understood are necessary to provide an average-case/worst-case equivalence. However,

the most important direction for further research into the complexity of DGBS is a better
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understanding of how the hardness relies on the parameter w, representing the displace-

ment/squeezing ratio of the experiment. Both existing analytical results, which consider

the zeros of the matching polynomial and – as we have discussed – relate to the ratio of dis-

placement to squeezing, and the numerical results presented in this chapter, give evidence

for the transition of hardness as w changes. Despite this, there is a considerable difference

between the low-w region (where we have higher confidence in the difficulty of simulating

DGBS) and the high-w region (where our efficient simulation results hold), where we cannot

give a definitive statement on the complexity, and hence the boundary between regions of

high and low complexity of simulation remains poorly defined. In particular, further results

will be relevant if they shed more light on the regions in which the matching polynomial is

non-zero for the class of matrices we have considered, and how that relates to w.

Finally, these methods may have further implication for GBS without displacement, which

is currently the more popular framework for practical realisations. This connection could

be explored further, particularly in the case of comparing loss to displacement, in the same

vein that recent simulation methods have been successful in exploiting loss to split GBS

experiments into quantum and classical components [177]. There are several features of

the data presented which could be improved in further research. Firstly, we consider the

median |w|, hence this would only allow efficient simulation for approximately 50% of the

samples. These would also be the samples which would correspond to a higher displacement

- that is, it would bias the data to instead simulate an experiment with higher loss (similar

to other phase space simulation methods [175]). Therefore, as expected, higher amounts of

loss would provide a more effective simulation, although these are within regimes already

considered by other simulated methods.

Also, the analytic decomposition used is not optimal. As described in [177], semi-definite

programming can be used to optimise the decomposition to minimise the photon number

of the pure state T . In this case, the efficient classical algorithms we have described may

prove to be more useful than current schemes, for specific examples. We leave this as an

open question for further research. Finally, if the relationship between |w| and simulability

becomes better understood, exploiting this to simulate lossy GBS could be a promising

avenue for efficient algorithms.

The effect of displacement in GBS is significant and should not be overlooked, particularly

when developing new use cases. As displacement is currently not utilised by efficient classical

simulation methods, or considered in the main proofs of GBS complexity, it is an important

study to further our understanding of quantum advantage. The connection between DGBS

and the matching polynomial is a useful foundation with which to study this, particularly

as the ongoing study of approximating the matching polynomial and its relationship to the

structure of the underlying graph may give useful insights into other features of DGBS.
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Discussion and outlook

The possible use of the telephone is limited.

Engineer-in-Chief, British Post Office, 1887

Gaussian boson sampling is an elegant framework for analysing the native power of

quantum optics, that has not only inspired landmark feats of experimental work, but provides

us with a detailed framework to compare the capabilities of near-term quantum and classical

machines. However, every proposed use of GBS that is interesting and viable outside of

quantum technologies thus far has been unable to translate the exponential difficulty of

simulating GBS into an exponential quantum advantage for a useful problem.

Our current understanding of the computational complexity of (G)BS relies on the de-

scription of a classical simulator which would, by construction, be more powerful than

the quantum sampler. The exact class of problems solvable in polynomial time by a (G)BS

device, and its relationship to other complexity classes, is still not fully understood. Impor-

tance sampling has long been understood as a potential method for improving heuristics in

stochastic algorithms [203], and in certain cases, a physical device which can sample directly

from the desired distribution is preferable to more complex sampling schemes. Further-

more, complexity classes defined with regards to sampling problems can be equivalently

defined in terms of specifically constructed search problems [260]. Despite these existing

techniques, justification for an advantage for certain problems using GBS still frequently

relies on numerical evidence.

When considering the dense subgraph finding problem, the usefulness of GBS is moti-

vated by both the difficulty of classically simulating GBS, and the potential speedup that can

be gained for DkS due to the similarities in hafnians and densities. In the case of unweighted
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graphs, this is no longer thought to be an exponentially difficult sampling problem for classi-

cal algorithms [150]. We have given evidence that the quantum-enhanced DkS problem is

resilient to error, which may allow for efficient classical simulation methods or for simpler

experimental methods to succeed, which undermines the necessity of using GBS. We have

also shown that it is efficient to sample directly from the density distribution itself – this may

not provide a speedup for the DkS problem, however it could be used as a basis for stochastic

algorithms, much like GBS, and this further disputes that the underlying sampling problem

that GBS is here being used for is in fact classically hard. In the case of complex-weighted

graphs, there is more limited evidence that sampling from hafnians is useful for sampling

more dense subgraphs [162]. Our results seem to confirm this, while also showing similar

robustness to error. This further motivates the use of sampling directly from the density

distribution, which seems to be efficient in the cases most relevant to GBS.

We have considered verification techniques in order to benchmark the performance of

GBS for this problem, which seems to confirm these results, both in the resilience to error,

and the increased effectiveness of sampling directly from the density, instead of hafnians, to

produce high-density complex-weighted subgraphs. In general, more sophisticated tech-

niques could be useful in order to benchmark the performance of GBS for different use cases,

particularly if more become apparent in the future.

Hence, overall, our results fit into a wider pattern of waning confidence in the use of GBS

for this, and related, graph problems. Furthermore, this follows the reasoning that introduc-

ing additional structure into the problem for GBS to solve also makes it vulnerable to classical

simulation techniques without contradicting the original statement of the complexity proof.

For this reason, a careful complexity analysis is needed in order be able to confidently

incorporate the use of displacement into demonstrations of quantum advantage, or to

disregard it as a potential extension of useful tools in quantum optics. We have presented

classical simulation techniques that apply in a limited range of cases, which also illustrate the

link between the zeros of the matching polynomial and the simulability of GBS, which has

the potential to lead to further results in the future. Importantly, this challenges the current

understanding which does not consider displacement to be an important consideration in

the complexity of GBS experiments, giving clear numerical evidence that experiments with

a sufficiently high level of density can by simulated by efficient classical algorithms (which

we have described). We have also compared the current evidence for the computational

complexity of GBS with and without displacement, and highlighted areas – including the

average-case hardness of calculating the loop hafnian, and the anticoncentration conjecture

as a function of the relative loop weights – where additional displacement weakens the

arguments for the complexity of simulation, and so further study is required to pinpoint the

complexity transition. Finally, we suggest that this study might prove useful in understanding

the impact of different sources of error, particularly loss. Although it does not change current
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loss thresholds to allow classical simulation, this builds on previously known techniques for

separating quantum and classical components of the state, and has potential to be a useful

technique as our understanding of the matching polynomial is improved.

When considering further work, it is clear that more understanding is needed in the effect

of spectrally impure sources of quantum interference. Previous studies of spectral impurity

have focused on the effect on spontaneous sources, which results in a mixed state after the

herald photon has been measured. However, further work is needed to question whether this

intuition can be extended to squeezed states as input to the calculation, and in particular if

this affects the simulability or usefulness of GBS schemes impacted by this source of error.

Our understanding of the different states of light, and how these relate to graph problems,

could augment the study of optical computers, and how an optical advantage (if not necessary

a quantum advantage) can be gained using interference effects. Finally, using the graphical

formalism may prove useful in other ways to understand CV quantum resources more

generally, particularly as we introduce some non-Gaussian elements, and so this study could

prove fruitful even if GBS is not able to solve a hard problem on its own.

It remains an open problem whether quantum linear optics will provide a technology

with real, widespread use beyond what can be achieved classically. As elaborate physical

systems, which we are still learning to construct and describe accurately, they may give us

insight into other quantum systems via analogue simulation, or they could be a valuable

component of more complex quantum technologies. Nonetheless, studying these systems

has given us many improvements in the fields of quantum optics and theoretical computer

science, and is likely to continue to do so.
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Notation differences

We show the notation differences that are caused by setting the vacuum covariance matrix

to either 1 or 1/2. We use the latter in this work, but give both here for easy comparison to

other examples in the literature.

Vacuum 1 1/2

σQ σ + 1 σ + 1/2

A (X ⊗ 1)(1− 2σ−1
Q ) (X ⊗ 1)(1− σ−1

Q )

p(n) 2|S|e
− 1

2δ
†
σ−1
Q

δ

n1!...nm!
√

|σQ| lhaf (filldiag(An, γn))
e
− 1

2δ
†
σ−1
Q

δ

n1!...nm!
√

|σQ| lhaf (filldiag(An, γn))

σ Vij = ⟨{r̂i − di, r̂j − dj , }⟩ Vij =
1
2⟨{r̂i − di, r̂j − dj , }⟩

uncertainty σ + iΩ ≥ 0 σ + i
2Ω ≥ 0

pvac(S) det((σQ)S/2)
−1/2 det((σQ)S)

−1/2
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Range of scaling parameter

In this section, we summarise the derivation in [202], which finds the appropriate values of

c ∈ R such that

(B.1) σ = (1− (X ⊗ 1)A)−1 − 1/2

is a valid covariance matrix, with A = c(A⊕A) for some binary adjacency matrixA. Note

that this differs from the notation used in [1], which uses σ = 2(1 − (X ⊗ 1)A)−1 − 1, and

also [202], which uses A = cA. Appendix A of [202] gives further details on how a valid

covariance matrix can be constructed from an arbitrary graph.

The necessary and sufficient conditions on σ for it to be a valid covariance matrix are

that:

1. It is Hermitian: σ† = σ.

2. It is positive semidefinite – all of its eigenvalues are nonnegative.

3. It satisfies the uncertainty principle, σ + iΩ/2 ≥ 0.

The first condition is immediately satisfied due to the structure of A, as this ensures

(X⊗1)A is symmetric, and then σ is real and symmetric. This uses the fact that the difference

between two symmetric matrices is itself symmetric, and that the inverse of a symmetric

matrix is symmetric.

To show the second condition, first note that (X ⊗ 1) and A commute. This means

that they are simultaneously diagonalisable [261]. Let the eigenvalues of A be λi, and the

eigenvalues of (X ⊗ 1)A be λXi . In that case, |λXi |= |λi| as the eigenvalues of (X ⊗ 1) are±1.
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APPENDIX B. RANGE OF SCALING PARAMETER

We can then rewrite Eq. B.1:

σ =(1− (X ⊗ 1)A)−1 − (1− (X ⊗ 1)A)−1(1− (X ⊗ 1)A)/2
=(1− (X ⊗ 1)A)−1(1+ (X ⊗ 1)A)/2.

(B.2)

We can then diagonalise σ to find its eigenvalues, λσi =
1+λXi
1−λXi

. Therefore, we require |λi|< 1 ∀ i.
This is satisfied by |c|< |λmax| (and the second condition also requires that c is positive).

Finally, the third condition is satisfied by using the construction A = c(A⊕A).
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Computational complexity of linear optics

In this section we give more detail on the statements of [84].

C.1 Exact case

We first consider a classical simulator which draws from the same distribution as a boson

sampler.

Theorem C.1. LetO be a classical oracle that takes as input a random string r (whichO uses as

its only source of randomness) and a description of a boson computer A, and returns a sample

OA(r) from the probability distributionDA over possible outputs of A. Then P#P ⊆ BPPNPO
.

Proof. .

By Toda’s theorem. Thm. 2.1, ifO is polynomial, then the polynomial heirarchy collapses.

However, this is also true if boson sampling is simulable by an efficient algorithm with access

to an oracle in PH.

Nonetheless, this hardness result relies on formulating a sampling problem as a decision

problem, which required fixing the value of r. This is not possible for a quantum computer,

and hence does not provide evidence that quantum computers can solve a #P-hard problem.

C.2 Approximate case
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Anticoncentration evidence

We provide numerical evidence to support Conjecture 5.5:

Pr
X∈Gn,n(0,1)

[ ∣∣∣∣∣lhaf
(
XXT , w

∑
col

X

)∣∣∣∣∣
2

<
1

P

n!Fn(w)

2n

]
< β.

In order to use prior results in anticoncentration, we compare the function:

(D.1)

√
2n

n!Fn(w)

∣∣∣∣∣lhaf
(
XXT , w

∑
col

X

)∣∣∣∣∣
to other, similar matrix functions (on i.i.d. Gaussian matrices X):√

1

n!
|det (X)|(D.2) √

1

n!
|per (X)|(D.3) √

1

n!
(
n−1
n/2

) ∣∣haf
(
XXT

)∣∣ .(D.4)

As shown in [84], the anticoncentration condition is satisfied for the determinant, that is:

Pr
X∈Gn,n(0,1)

[√
1

n!
|det (X)|2 < 1

poly(n, 1/β)

]
< β.

They then conjecture that the same is true for the permanent of Gaussian matrices, partly by

comparison to the determinant.

In Fig. D.1, we consider the condition:

(D.5) Pr
[
fn(X) <

1

P

]
< β,
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by fixing β to be 0.25 or 0.5, and finding the value of P for which Eq. D.5 holds over 100,000

randomly generated Gaussian i.i.d. matrices (X), when fn(X) is one of the matrix functions

in Eqs. D.1, D.2. We also consider the loop hafnian with both w = 0.1 and w = 1.0.

5 10 15 20 25 30 35
100

101

102

103

104

Det
Perm
Haf
lHaf(w=0.1)
lHaf(w=1)

5 10 15 20 25 30 35
n n

P

FIGURE D.1. The value of P required to fulfil Eq. 4.21 for different matrix functions.
The left hand size corresponds to β = 0.25 and the right hand side is β = 0.5.

We can use this to compare the anti-concentration of the loop hafnian to other matrix

functions that are more well studied. Whenw = 0.1, we can see that the loop hafnian behaves

similarly to the hafnian (which is the equivalent for w = 0). It seems as though fixed values of

w show similar behaviour.

The question remains on the variation of w with n that is required in order for DGBS to

be simulable. If it is required that w increases with n, then the increasing gradient of the

anti-concentration condition, as shown in Fig. D.1, would show a different behaviour to

the other matrix functions, that have more currently-known evidence of anti-concentration.

Therefore we suggest that a constant value of w may be required to ensure hardness using

the complexity proof presented here - although we note that there are other proofs that do

not rely on the anti-concentration conjecture.

In Fig. D.2, we plot the probability of Eq. D.5 for different matrix functions, again by

estimating over 100,000 randomly chosen matricesX , but this time showing the dependence

of the probability (i.e. the minimum value of β) on P .

As before, the loop hafnians show a qualitatively similarly shaped curve for these results

as the other matrix functions, which supports that the anti-concentration condition holds

for fixed values of w, although with higher values of P .
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